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Abstract

With the increasing role of computational modeling in engineering design,
performance estimation, and safety assessment, improved methods are needed for
comparing computational results and experimental measurements. Traditional
methods of graphically comparing computational and experimental results,
though valuable, are essentially qualitative. Computable measures are needed that
can quantitatively compare computational and experimental results over a range
of input, or control, variables and sharpen assessment of computational accuracy.
This type of measure has been recently referred to as a validation metric. We
discuss various features that we believe should be incorporated in a validation
metric and also features that should be excluded. We develop a new validation
metric that is based on the statistical concept of confidence intervals. Using this
fundamental concept, we construct two specific metrics: one that requires
interpolation of experimental data and one that requires regression (curve fitting)
of experimental data. We apply the metrics to three example problems: thermal
decomposition of a polyurethane foam, a turbulent buoyant plume of helium, and
compressibility effects on the growth rate of a turbulent free-shear layer. We
discuss how the present metrics are easily interpretable for assessing
computational model accuracy, as well as the impact of experimental
measurement uncertainty on the accuracy assessment.
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Nomenclature

C = confidence level chosen, C =100(1-0)%
CI L . .
— = average confidence indicator normalized by the absolute value of the estimated
Ve
avg
experimental mean over the range of the experimental data, see Eq. (22)
E = true error of the computational model as compared to the true mean of the
experimental measurements, y, — U
E = estimated error of the computational model as compared to the estimated mean of the
experimental measurements, y, — ¥,
E : :
— = average of the absolute value of the relative estimated error over the range of the
y € lavg
experimental data, see Eq. (21)
— = maximum of the absolute value of the relative estimated error over the range of the
Y € | max
experimental data, see Eq. (23)
F(v,v,, 1-a)
= F probability distribution, where v, is the first parameter specifying the number of
degrees of freedom, v, is the second parameter specitying the number of degrees of
freedom, and 1— o is the quantile for the confidence interval chosen
n = number of sample (experimental) measurements
s = sample (estimated) standard deviation based on n experimental measurements
SRQ = system response quantity
, = tdistribution with v degrees of freedom, v =n -1
L 1—a/2 quantile of the ¢ distribution with » degrees of freedom, v =n—1
¥, = sample (estimated) mean based on » experimental measurements
V., = mean of the SRQ from the computational model
o = arbitrarily chosen total area from both tails of the specified distribution
u = population (true) mean from experimental measurements
6 = vector of coefficients of the chosen regression function, Eq. (27)
0 = vector of regression coefficients that minimize the error sum of squares, Eq. (29)



1. Introduction

It is common practice in all fields of engineering and science for comparisons between
computational results and experimental data to be made graphically. The graphical comparisons
are usually made by plotting some computational system response quantity (SRQ) along with the
experimentally measured response over a range of some input parameter. If the computational
results “generally agree” with the experimental data, the computational model is commonly
declared “validated.” Comparing computational results and experimental data on a graph,
however, is only incrementally better than making a qualitative comparison. With a graphical
comparison, one rarely sees quantification of the numerical solution error or quantification of
computational uncertainties, e.g., due to variability in modeling parameters, missing initial
conditions, or sensitivity to poorly known boundary conditions. In addition, an estimate of
experimental uncertainty is not typically quoted, and in most cases, it is not even available. A
graphical comparison also gives little quantitative indication of how the agreement between
computational results and experimental data varies over the range of the independent variable,
€.g., a spatial coordinate, time, Reynolds number, or Mach number. Further, a simple graphical
comparison is ill-suited for the purpose of quantitative validation because statistical methods are
needed to quantify experimental uncertainty. It should be noted that some journals, such as those
published by the AIAA and the American Society of Mechanical Engineers (ASME) now require
improved statements of numerical accuracy and experimental uncertainty.

The increasing impact of computational modeling on engineering system design has
recently resulted in an expanding research effort directed toward developing quantitative
methods for comparing computational and experimental results. In engineering and physics, the
form of the computational models is predominantly given by partial differential equations
(PDEs) with the associated initial conditions and boundary conditions. Although statisticians
have developed methods for comparing models (or “treatments”) of many sorts, their emphasis
has been distinctly different from the modeling assessment perspective in engineering. Some of
the earliest work in quantitative validation, from an engineering perspective, was done by Geers'
in structural dynamics. Much of the recent work has been conducted as part of the Department of
Energy’s Advanced Simulation and Computing (ASC) Program, Verification and Validation
Element. References 2 and 3 argue that quantification of the comparison between computational
and experimental results should be considered as the evaluation of a computable measure or a
variety of appropriate measures. They refer to these types of measures as a validation metric and
recommend that both uncertainties and errors should be quantified in the comparison of
computational and experimental results. The input data to the metric are the computational
results and the experimental measurements of the same SRQ of interest. Uncertainties refer to
quantities that are either a random variable, e.g., random measurement uncertainty in
experiments, or unknown quantities due to lack of knowledge, e.g., a boundary condition not
measured in an experiment but needed for input to the computational model. In the literature, the
former are sometimes referred to as variabilities and the latter as uncertainties. Errors are usually
due to numerical solution inaccuracies such as lack of spatial grid convergence and lack of time-
step resolution in unsteady phenomena. References 2 and 3 argue that validation metrics should
only quantify agreement between computational and experimental results. Metrics should not
address the issue of adequacy of agreement between computational and experimental results, nor
should they address the requirements of accuracy for a particular application of the
computational model.

This paper develops a validation metric based on the concept of statistical confidence
intervals. We begin with a review of the terminology of verification and validation by
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distinguishing between code verification, solution verification, validation metrics, model
calibration, and adequacy of a model for its intended use. We then briefly review the
perspectives of hypothesis testing in statistics, Bayesian statistical inference, and the recent
engineering perspective in validation metrics. In Sec. 3, we recommend features that should be
incorporated, or addressed, in validation metrics. We then discuss our perspective for
constructing our confidence-interval-based validation metrics, e.g., situations where we believe
our metrics may and may not be useful. In Sec. 4, we review some of the basic ideas of statistical
confidence intervals and construct a simple validation metric. We then apply this metric to an
example of thermal decomposition of a polyurethane foam. Sec. 5 extends the fundamental idea
of the validation metric to the case where the SRQ is measured in fine increments over a range of
the input parameter. These increments allow us to construct a continuous function of the
experimental measurements over the range of the input parameter. We apply this metric to the
example of a turbulent buoyant plume of helium. In Sec. 6, we develop the metric for the
situation where the experimental data are sparse over the range of the input parameter. This very
common engineering situation requires regression (curve fitting) of the data. We apply this
metric to the example of compressibility effects on the growth rate of a planar turbulent shear
layer. Sec. 7 provides some observations on the present contribution and recommendations for
futare work.

2. Review of the Literature

2.1 Review of the Terminology and Processes

The terms “verification” and “validation” have a wide variety of meanings in the various
technical disciplines. The AIAA, through the Computational Fluid Dynamics (CFD) Committee
on Standards,* the work of Roache,’” and Refs. 3 and 8, has played a major role in attempting to
standardize the terminology in the engineering community. This paper will use the AIAA
definitions*:

Verification: The process of determining that a model implementation accurately
represents the developer’s conceptual description of the model and the solution to the model.

Validation: The process of determining the degree to which a model is an accurate
representation of the real world from the perspective of the intended uses of the model.

The definition of verification makes it clear that verification addresses the accuracy of the
numerical solution produced by the computer code as compared to the exact solution of the
conceptual model. In verification, how the conceptual model relates to the “real world” is not an
issue. As Roache® stated, “Verification deals with mathematics.” Validation addresses the
accuracy of the conceptual model as compared to the “real world,” i.e., experimental
measurements. As Roache® stated, “Validation deals with physics.”

Verification is composed of two types of activities: code verification and calculation
verification. Code verification deals with assessing a) adequacy of the numerical algorithms to
provide accurate numerical solutions to the PDEs assumed in the conceptual model and b)
fidelity of the computer programming in implementing the numerical algorithms to solve the
discrete equations. (Note: When we refer to the solution of the PDEs, we imply that the given
boundary conditions, initial conditions, and any required auxiliary equations, such as turbulence
models or constitutive equations, are also included in the computational model.) Currently, the
primary strategy is to detect shortcomings in the numerical algorithms or errors in the computer
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code, such as coding mistakes, by evaluating the numerical solution error using known, exact
solutions. The evaluation is typically conducted by comparing solution results with classical
analytical solutions and exact solutions to similar problems using the Method of Manufactured
Solutions (MMS).>*!® The precision of the comparison is greatly enhanced by evaluating the
observed order of accuracy and comparing it with the theoretical order of accuracy. Also
employed in code verification are the techniques and tools used by the software quality assurance
(SQA) community. Needless to say, code verification is difficult and costly not only because of
many practical reasons, but also because of the coupling of two logically distinct issues:
numerical algorithm adequacy and computer programming fidelity. (See Refs. 3, 8, and 9 for a
discussion of numerical algorithm verification and SQA practices in code verification).

Calculation verification deals with the quantitative estimation of the numerical accuracy
of solutions to the PDEs computed by the code. The primary emphasis in calculation verification
is significantly different from that in code verification because there is no known exact solution
to the PDEs of interest. As a result, we believe calculation verification is more correctly referred
to as numerical error estimation. That is, the primary goal is estimating the numerical accuracy
of a given solution, typically for a nonlinear PDE with singularities and discontinuities and
complex geometries. For this type of PDE, numerical error estimation is fundamentally empirical
(a posteriori), i.e., the conclusions are based on observations, evaluations, and analysis of
solution results from the code. 4 posteriori error estimation has primarily been approached
through the use of either Richardson extrapolation®''* or recent advances in error estimation
techniques based on finite element approximations.'>"” Richardson extrapolation estimates the
numerical error based on analysis of two or more numerical solutions obtained on grids of
different spatial or temporal resolution. The method can be applied to any discretization
procedure for differential or integral equations, e.g., finite difference methods, finite element
methods, finite volume methods, spectral methods, and boundary element methods. Richardson’s
method can be applied, essentially as a postprocessing step, to any SRQ computed from the
numerical solution. The primary disadvantage of Richardson’s method, however, is that it is
relatively expensive compared to a posteriori error estimation methods used in finite elements
because multiple solutions are required in the asymptotic convergence region.

As a logical principle, code verification and numerical error estimation should be
completed before model validation activities are conducted, or at least before actual comparisons
of computational results are made with experimental results. The reason is clear: We should have
convincing evidence that the computational results obtained from the code reflect the physics
assumed in the models implemented in the code and that these results are not distorted or
polluted due to coding errors or large numerical solution errors. Although the logic is clear
concerning the proper order of activities, there are examples in the literature where coding or
solution errors discovered after-the-fact invalidated the conclusions related to the accuracy or
inaccuracy of the physics in the models being evaluated. Stated differently, if a
researcher/analyst does not provide adequate evidence about code verification and numerical
error estimation in a validation activity, the conclusions presented are of dubious merit. If
conclusions from a defective simulation are used in high-consequence-system decision making,
disastrous results may occur.

Ongoing work by the ASME Standards Committee on Verification and Validation in
Computational Solid Mechanics is attempting to clarify that model validation should be viewed
as two steps'": 1) quantitatively comparing the computational and experimental results for the
SRQ of interest and 2) determining whether there is acceptable agreement between the model
and the experiment for the intended use of the model. The first step in validation deals with
accuracy assessment of the model, which we will refer to as evaluation of a validation metric. A
validation metric is a measure of agreement, or equivalently a measure of the difference, between
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a computational SRQ and an experimental SRQ. The SRQ from the experiment is typically given
as an estimate of the true value and, hopefully, with an estimate of the uncertainty.

The left-center portion of Fig. 1 shows the first step in validation. The figure illustrates
that the same SRQ must be obtained from both the computational model and the physical
experiment. The SRQ can be any type of physically measurable quantity, or it can be a quantity
that is based on, or inferred from, measurements. For example, the SRQ can involve derivatives,
integrals, or more complex data processing of computed or measured quantities such as the
maximum or minimum of functionals over a domain. When significant data processing is
required to obtain an SRQ, it is important to process both the computational results and the
experimentally measured quantities in the same manner. The computational and experimental
SRQs are input to the mathematical procedure used to compute a validation metric. In this paper,
when we refer to the “validation metric,” we usually mean the mathematical procedure that
operates on the computational and experimental SRQs. The SRQs are commonly one of two
mathematical forms: 1) a deterministic quantity, i.e., a single value, such as a mean value or a
maximum value over a domain; or 2) a probability measure, such as a probability density
function or a cumulative distribution function. Each of these two forms can be functions of a
parameter in the computational model, such as a temperature or a Mach number; a function of
spatial coordinates, such as (x, y, z) in a three-dimensional domain; a function of time; or a
function of both space and time. If both the computational and experimental SRQs are
deterministic quantities, the validation metric will also be a deterministic quantity. If either of the

SRQs is a probability measure, the result of the validation metric would also be a probability
measure.

Update or Calibrate Computational Model if Needed

Computational | System Response
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Fig. 1 Validation, calibration, and prediction.

Another feature that should be stressed in Fig. 1 is the appropriate interaction between
computation and experimentation that should occur in a validation experiment. To achieve the
most value from the validation experiment, there should be in-depth, forthright, and frequent
communication between computationalists and experimentalists during the planning and design
of the experiment. Also, after the experiment has been completed, the experimentalists should
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measure and provide to the computationalists all the important input quantities needed to conduct
the computational simulation. Examples of these quantities are actual freestream conditions
attained in a wind-tunnel experiment (versus requested conditions), as-fabricated model
geometry (versus as-designed), and actual deformed model geometry due to aerodynamics loads
and heating. What should not be provided to the computationalists in a rigorous validation
activity is the measured SRQ. It is an irresistible basic instinct to tune adjustable parameters,
both numerical and physical, in the computations to achieve agreement with experimental
results. For an extensive discussion of the planning, design, execution, and analysis of validation
experiments, see Refs. 3, 14, and 19-23.

The second step in validation deals with comparing the validation metric result with the
accuracy requirements for the intended use of the model. That is, validation, from a practical or
engineering perspective, is not a philosophical statement of truth. The second step in validation,
depicted in the right-center portion of Fig. 1, is an engineering decision that is dependent on the
accuracy requirements for the intended use of the model. Accuracy requirements are, of course,
dependent on many different kinds of factors. Some examples of these factors are a) the
complexity of the model, the physics, and the engineering system of interest; b) the difference in
hardware and environmental conditions between the engineering system of interest and the
validation experiment; ¢) the increase in uncertainty due to extrapolation of the model from the
validation conditions to the conditions of the intended use; d) the risk tolerance of the decision
makers involved; and e) the consequence of failure or underperformance of the system of
interest. Although the uncertainty estimation methodology and risk assessment issues involved in
the second step are critically important in the application of a computational model for its
intended use, these issues are beyond the scope of this paper. Here we deal only with the first
step in validation: validation metrics.

2.2 Review of Approaches

Traditional approaches for quantitatively comparing computational and experimental
results can be divided into three categories (here we exclude graphical comparisons). First, in the
1960s, the structural dynamics community began developing sophisticated techniques for
assessing agreement between computational and experimental results, as well as techniques for
improving agreement. These latter techniques are commonly referred to as parameter estimation,
model parameter updating, or system identification. Two recent texts that provide an excellent
discussion of this topic are Refs. 24 and 25. In the approach followed by the structural dynamics
community, certain model input parameters are considered as deterministic (but poorly known)
quantities that are estimated by a numerical optimization procedure so that the best agreement
between computational and experimental results can be obtained for a single SRQ or a group of
SRQs. Multiple solutions of the computational model are required to evaluate the effect of
different values of the model parameters on the SRQ. Although these techniques are used to
compare computational and experimental results, their primary goal is to improve agreement
based on newly obtained experimental data.

The second approach is hypothesis testing or significance testing.”**” Hypothesis testing
is a well-developed statistical method of deciding which of two contradictory claims about a
model, or a parameter, is correct. In hypothesis testing, the validation assessment is formulated
as a “decision problem” to determine whether or not the computational model is consistent with
the experimental data. The level of consistency between the model and the experiment is stated
as a probability, based on what has been observed in comparing SRQs from the model and the
experiment. This technique is regularly used in the operations research community for
comparing mutually exclusive models. Hypothesis testing has recently been used by Hills and
Trucano,” Paez and Urbina,”® Hills and Leslie,* Dowding et al.,’! Rutherford and Dowding,32
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and Chen et al.” Two features of this recent work are noteworthy. First, a validation metric is not
specifically computed in the same sense that a stand-alone measure is computed that indicates
the level of agreement, or disagreement, between computational and experimental results. The
result of a hypothesis test is a probability that one model (the computation) can be considered as
a surrogate for the second model (the experiment). Second, this work deals with an SRQ from
the computational model that is represented as a probability distribution. That is, multiple
realizations of the SRQ are computed from the model using sampling techniques, such as Monte
Carlo sampling, and then the ensemble of these realizations is compared with the ensemble of
experimental measurements. If one does not choose to concentrate on the probabilistic, i.e.,
nondeterministic, nature of the computational model, possibly because of the large
computational costs involved, then the hypothesis testing approach may not be appropriate.

The third approach is the use of Bayesian analysis or Bayesian statistical inference.
Bayesian analysis has received a great deal of attention during the last two decades from
statisticians, risk analysts, and some physicists and structural dynamicists. Although the process
is rather involved, Bayesian analysis can be summarized in three steps. Step 1 is to construct, or
assume, a probability distribution for each input quantity in the computational model that is
chosen to be a random variable. Step 2 involves conditioning, or updating, the previously chosen
probability models for the input quantities based on comparison of the computational and
experimental results. To update the probability models, one must first propagate input probability
distributions through the computational model to obtain probability distributions for the SRQs
commensurate with those measured in the experiment. The updating of the input probability
distributions, using Bayes equation, to obtain posterior distributions commonly assumes that the
computational model is correct, i.e., the updating is conditional on the correctness of the
computational model. Step 3 involves comparing new computational results with the existing
experimental data or any new experimental data that might have been obtained. The new
computational results are obtained by propagating the updated probability distributions through
the computational model. Much of the theoretical development in Bayesian estimation has been
directed toward optimum methods for updating statistical models of uncertain parameters in the
computational model. In validation metrics, however, the emphasis is on methods for assessing
the fidelity of the physics of the existing computational model. Although many journal articles
have been published on the topic of Bayesian inference, the recent work of Hanson,”” Anderson
et al.,*® Kennedy and O'Hagan,*® Hasselman et al.,"” Bayarri et al.,*' and Zhang and Mahadevan*?
1s particularly relevant to validation.

From this very brief description of parameter estimation and Bayesian inference, it
should be clear that the primary goal of both approaches is “model updating” or “model
calibration.” Although this goal is appropriate and necessary in many situations, it is a somewhat
different goal from that used to evaluate a validation metric. Figure 1 depicts the goal of model
building or model calibration as the dashed-line upper feedback loop. In the figure, the loop is
taken if the model does not adequately meet the specified accuracy requirements. It should also
be noted that the upper feedback loop can also be taken even if the model is adequate. In such a
case, one wants to incorporate the latest experimental information into the model and not waste
valuable information obtained from the experiment. The lower feedback loop in Fig. 1 could be
taken if improvements or changes are needed in the experimental measurements or if additional
experiments are needed to reduce experimental uncertainty.

Several researchers have taken approaches that differ from the three just mentioned;
however, such approaches exhibit a common characteristic. Geelrs,1 Russell,‘B’44 Coleman and
Stern,” Sprague and Geers,*® Stern et al.,”’ Easterling,”* and Oberkampf and Trucano® focus
only on comparing a deterministic value of the SRQ from the computational model with the
experimental data. That is, they do not propagate uncertain input parameters through the

34-36
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computational model to obtain multiple realizations, or an ensemble, of SRQs. Geers,'
Russell,”* and Sprague and Geers'® suggest various validation metrics useful for transient
SRQs, for example, the response of a structure to a shock wave passing through the structure.
Coleman and Stern® and Stern et al.*’ define a validation metric, but the decision of adequacy of
agreement is based on the uncertainty in the experimental data. Roache® and Oberkampf2’51 have
taken exception to certain aspects of the approach by Refs. 45 and 47, specifically in determining
the adequacy of agreement based on observed experimental uncertainty. Easterling"™*’ uses a
linear regression function to determine a best fit of experimental data, but he does not compute a
validation metric, i.e., a difference between computational and experimental results. Oberkampf
and Trucano’ compute a validation metric for the case of multiple experimental measurements
over a range of the input parameter. They assume the experimental measurement error is given
by a normal (Gaussian) distribution, and they scale their validation metric result over the range
from zero to unity. A value near zero occurs when there is a very large difference between
computational and experimental results, and a value near unity occurs when nearly perfect
agreement occurs. The precise implication of values between zero and unity is, of course, open to
interpretation.

3. Construction of Validation Metrics

3.1 Recommended Features of Validation Metrics

We believe that validation metrics should include several intuitive properties that would
make them useful in an engineering and decision-making context. Extending the ideas of Refs. 3
and 8, the following is a list of conceptual properties that we believe a validation metric should
satisfy:

1) A metric should either a) explicitly include an estimate of the numerical error in the SRQ
of interest resulting from the computational simulation or b) exclude the numerical error
in the SRQ of interest only if the numerical error was previously estimated, by some
reasonable means, to be small. The primary numerical error of concern here is the error
due to lack of spatial and/or temporal resolution in the discrete solution. Numerical error
could be explicitly included in the validation metric, such as inclusion of an upper and a
lower estimated bound on the error in the SRQ of interest. Although explicit inclusion of
the numerical error in the metric seems appealing, it would add significant complexity to
the theoretical derivation, calculation, and interpretation of the metric. By estimating
beforehand that the numerical error is small, one can climinate the issue from the
calculation and interpretation of the metric. Taking this latter approach, the numerical
error should be judged small in comparison to the estimated magnitude of the
experimental uncertainty.

2) A metric should be a quantitative evaluation of predictive accuracy of the SRQ of
interest, including all of the combined modeling assumptions, physics approximations,
and previously obtained physical parameters embodied in the computational model.
Stated differently, the metric evaluates the aggregate accuracy of the computational
model for a specific SRQ. Consequently, there could be offsetting errors or widely
ranging sensitivities in the model that could show very accurate results for one SRQ but
poor accuracy for a different SRQ. If there is interest in evaluating the accuracy of
submodels or the effect of the accuracy of individual input parameters within the
computational model, one should conduct a sensitivity analysis of the SRQ. However,
sensitivity analysis is a separate issue from constructing a validation metric.
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3)

4)

5)

6)

A metric should include, either implicitly or explicitly, an estimate of the error resulting
from postprocessing of the experimental data to obtain the same SRQ that results from
the computational model. Examples of the types of postprocessing of experimental data
are as follows: a) the construction of a regression function, e.g., least-squares fit, of the
data to obtain a continuous function over a range of an input (or control) quantity; b) the
processing of experimental data that are obtained on a very different spatial or temporal
scale than what is modeled in the computational model; and c) the use of complex
mathematical models of the physically measured quantities to process the experimental
data. A case where the postprocessing described in example b might be necessary i1s when
there are localized underground measurements of a pollutant concentration and the
computational model contains a large-scale, spatially averaged permeability model. One
might require the type of postprocessing defined in example ¢ when very similar models
of the physics in the computational model are also needed to process and interpret the
experimental data. Note that in recommended property 2 mentioned above, any error
associated with the postprocessing of the numerical solution of PDEs should be
considered as part of the error in the computational model.

A metric should incorporate, or include in some explicit way, an estimate of the
measurement errors in the experimental data for the SRQ that are the basis of comparison
with the computational model. The possible sources for measurement errors depend on a
very wide range of issues, but a discussion of these is clearly beyond the scope of this
paper.’>”® However, measurement errors are commonly segregated into two types: bias
(systematic) errors, and precision (random) errors. At a minimum, a validation metric
should include an estimate of precision errors, and, to the extent possible, the metric
should also include an estimate of bias errors. The most practical method of estimating a
wide a range of bias errors is to use design-of-experiment techni(%ues to transform them
into precision errors so that statistical procedures can be used.”'*"”

A metric should depend on the number of experimental measurements that are made of a
given SRQ of interest. The number of measurements can refer to a number of situations:
a) multiple measurements made by the same investigator using the same experimental
diagnostic technique and the same experimental facility, b) multiple investigators using
different facilities and possibly different techniques, and ¢) multiple measurements of a
given SRQ over a range of input quantities (or levels) for the SRQ. The reason for
including this issue in our recommendations is to stress the importance of multiple
measurements in estimating the accuracy of the experimental result. We contrast our
recommendation with the situation where one experimental measurement is made of an
SRQ and then the experimental uncertainty is estimated based on many assumptions,
such as previous experience concerning the error sources and also the interaction and
propagation of contributing error sources through the data reduction process. One
measurement with an estimated uncertainty band has much less credence than multiple
measurements, particularly when the multiple measurements vigorously seek to identify
possible sources of error in the measurements or they are from independent sources. (See
the classic paper by Youden.”)

A metric should exclude any indications, ecither explicit or implicit, of the level of
adequacy in agreement between computational and experimental results. Examples of the
level of adequacy that have been improperly used, in our view, in validation metrics are
a) comparisons of computational and experimental results that yield value judgments,
such as “good” or “excellent”; and b) computational results that are judged to be adequate
if they lie within the uncertainty band of the experimental measurements. We have
stressed this issue in Sec. 2.1, particularly with regard to Fig. 1, and i Sec. 2.2.
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Validation metrics should be measures of agreement between computational models and
experimental measurements; issues of adequacy or satisfaction of accuracy requirements
should remain separate from the metric.

Although these six conceptual properties in a validation metric seem intuitive, the
published literature demonstrates a wide variety of views regarding what a validation metric
should embody and how that metric should be interpreted. References 2 and 3 proposed a metric
that satisfies all of these properties. Their metric took the approach of combining properties 2, 3
and 4 above into one mathematical quantity, the metric itself. Specifically, they combined the
measure of agreement between computational and experimental results, the estimate of
experimental uncertainty, and the number of experimental replications into a single expression
for the metric. Although this is a reasonable approach, the present authors have concluded that
combining all three properties into the same quantity is not the best approach. The present
approach constructs a validation metric that separates the accuracy estimation of the
computational model from the level of confidence in estimation of the accuracy. Note that
hypothesis testing combines these two issues, accuracy and confidence, into one measure: a
probability measure.

3.2 Perspectives of the Present Approach

The present approach assesses the accuracy of the model based on comparing
deterministic computational results with the estimated mean of the experimental measurements.
The primary differences in the present perspective and most of the work cited above is that a) a
stand-alone validation metric is constructed to provide a compact, statistical measure of
quantitative agreement between computational and experimental results and b) a statistical
confidence interval is computed that reflects the confidence in the accuracy of the experimental
data. We concur with Ref. 8 that such a validation metric would be most effective in moving
beyond the “viewgraph norm” mode of comparing computational and experimental results so
that quantitative statements of accuracy can be made. This type of metric would be useful for
situations in which a computational analyst, a model developer, or competing model developers
are interested in quantifying which model among alternate models is most accurate for a given
set of experimental data. In addition, this type of metric would be useful to a design engineer or a
project engineer for specifying model accuracy requirements in a particular application domain
of the model. It should be noted that if the application domain is outside the experimental
measurement domain, one must account for the additional uncertainty of extrapolation of the
model. Although we recognize that the extrapolation procedure should be dependent on both the
error structure and the uncertainty structure in the validation domain, how this extrapolation
should be accomplished is a complex, and unresolved, issue.

The primary reason for our interest in deterministic computational results, as opposed to
the approach of propagating computational input uncertainties to determine output uncertainties
in the SRQ, is the much-lower computational costs involved in deterministic simulations. Many
computational analysts argue that computational resources are not available to provide both
spatially and temporally resolved solutions, as well as nondeterministic solutions, for complex
simulations. Risk assessment of high-consequence systems, for example, safety of nuclear power
reactors and underground storage of nuclear waste, has shown that with an adequate, but not
excessive, level of physical modeling detail, one can afford the computational costs of
nondeterministic simulations. However, we recognize that there is substantial resistance in many
fields to attain both grid-resolved and nondeterministic simulations. Consequently, we believe
there is a need to construct validation metrics that require only deterministic computational
results. As the presently resistant fields mature further, we believe validation metrics will be
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constructed that compare probability distributions of the SRQ from the computational model
with probability distributions from the experimental results. It should also be noted that even 1f a
computational model is assessed with a metric that uses a deterministic computational result, one
could use the computational model in subsequent nondeterministic analyses.

The validation metrics developed here are applicable to SRQs that do not have a periodic
character and that do not have a complex mixture of many frequencies. For example, the present
metrics would not be appropriate for analysis of standing or traveling waves in acoustics or
structural dynamics. Another example of an inappropriate use would be the time-dependent fluid
velocity at a point in turbulent flow. These types of SRQs require sophisticated time-series
analysis and/or mapping to the frequency domain. Validation metrics constructed by Geers,'
Russell,*** and Sprague and Geers™® are better suited to periodic systems or responses with a
combination of many frequencies.

An additional focus in the present work is toward a validation metric that can be
evaluated over a range of the SRQ of interest. That is, we construct a metric that assesses the
computational model accuracy over the experimentally measured range of the SRQ. In Sec. 4,
we introduce our approach by developing a validation metric for the case of the SRQ at one
operating condition. Sec. V deals with the case where sufficient experimental data are obtained
over the range of the SRQ so that an interpolation function can be constructed. In Sec. V, we
develop a method of summarizing the assessment of model accuracy over the range of the
operating condition by introducing global validation metrics. Sec. 6 deals with the case where the
experimental data are sparse over the range of the SRQ so that a regression function must be
constructed before the metric can be evaluated.

4. Validation Metric for One Condition

4.1 Development of the Equations

In this section, the fundamental ideas of the present validation metric are developed for
the case where the SRQ of interest is defined for a single value of an input or operating-condition
variable. This will allow some discussion of how the present approach implements the
recommended conceptual properties mentioned previously, as well as give an opportunity to
review the classical development of statistical confidence intervals. Since it may be confusing
why we begin the development of validation metrics with a discussion of confidence intervals,
we make the following point. We are interested in obtaining an error measure between a
deterministic computational result and the mean of a population of experimental measurements,
for which only a finite sequence of measurements has been obtained. When this is grasped, it is
realized that the key issue is the statistical nature of the sample mean of the measured system
response, not the accuracy of the agreement between the computational result and the individual
measurements. With this perspective, it becomes clear that the point of departure should be a
fundamental understanding of the statistical procedure for estimating a confidence interval for
the true mean. In traditional statistical-testing procedures, specifically hypothesis testing, the
point of departure is the derivation for the confidence interval of the difference between two
hypotheses: the computational mean and the experimental mean.

4.1.1 Construction of a Statistical Confidence Interval
A short review and discussion will be given for the construction of a statistical
confidence interval. The development of confidence intervals is discussed in most texts on

probability and statistics. The following development is based on the derivation by Devore,*®
Chapter 7.
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Let X be a random variable characterizing a population having a mean p and a standard
deviation o. Let x, x,, ..., x, be actual sample observations from the population, and these are

assumed to be the result of a random sample X, X,,..., X, from the population. Let X be the
sample mean, which is a random variable, based on the random sample X, X,, ..., X,. Provided

that » is large, the Central Limit Theorem implies that X has approximately a normal
distribution, regardless of the nature of the population distribution. Then it can be shown that the
standardized random variable

_X-p
S/\In
has an approximate normal distribution with zero mean and a standard deviation of unity. S is the

sample standard deviation, which is a random variable, based on random samples
X, X,,..,X,. It can also be shown, provided » is large, that the probability interval for Z can

z (h

be written as
Plz,p<Z<z)=1-a )

where z,, is the value of the random variable Z at which the integral of Z from z,;, to oo is
0/2. Since Z is symmetrical and has its mean at zero, the integral of Z from - to z_,, is also

equal to o/2. The total area from both tail intervals of the distribution is o.
Equation (2) can be rearranged to show that the probability interval for p, the mean of the
population that is the unknown quantity of interest, is given by

= S - S
P(X—Za/z'ﬁ<‘U<X+Za/2'$j:1—a (3)

Equation (3) can be rewritten as a confidence interval, i.e., a probability interval, for the
population mean using sampled quantities for the mean and standard deviation.

- 5 _ s
MN[X—Za/z'ﬁ’X‘FZa/z'W} 4)

where x and s are the sample mean and standard deviation, respectively, based on n
obscrvations. Note that X and s are computed from the realizations X, =x,,
X, =x,,.,X
how far the sample mean is likely to be from the population mean. The level of confidence that p
is in the interval given by Eq. (4) can be shown to be 100(1 —a)%. The value of o is arbitrarily
assigned and is typically chosen to be 0.1 or 0.05, corresponding to confidence levels of 90% or
95%, respectively.

The confidence interval for the population mean can be interpreted in a strict frequentist
viewpoint or in a subjectivist, or Bayesian, viewpoint. Let C be the confidence level chosen, i.e.,
C :100(1—a)%, for stating that the true mean p is in the interval given by Eq. (4). The
frequentist would state, “u is in the interval given by Eq. (4) with probability C,” which means

=x,. The term s/ Vn is the standard error of the sample mean that measures

n

18



that 1f the experiment on which p is estimated is performed repeatedly, in the long run p will fall
in the interval given by Eq. (4) C% of the time. The subjectivist would state,” “Based on the
observed data, it is my belief that p is in the interval given by Eq. (4) with probability C.” The
reason that it cannot be strictly stated that C is the probability that p is in the interval given by
Eq. (4) is that the true probability is either zero or one. That is, the true mean p is either in the
interval or it is not; we simply cannot know with certainty for a finite number of samples from
the population. Not withstanding these fine points of interpretation, we will essentially use the
subjectivist interpretation in a slightly different form than is presented above: p is in the interval
given by Eq. (4) with confidence C.

Now consider the case of estimating a confidence interval for an arbitrary number of
experimental observations n, with # as small as two. Again following Chapter 7 of Devore,*® we
define the standardized random variable T:

_X-u

~S/n

It can be shown that T has a probability distribution called a 7 distribution with »—1 degrees of

freedom only if the population distribution X is given by a normal distribution. The ¢
distribution is governed by one parameter: v = n—1, which is the number of degrees of freedom.

As a result, the distribution is written as 7, . For n small, the probability density distribution for

T

t, has a lower peak value and “fatter” tails than the standard normal distribution. This

characteristic reflects the fact that less information is known about the population distribution
because fewer samples have been observed, resulting in higher probability densities away from
the sample mean. For n greater than 16, the cumulative ¢ distribution and the cumulative normal
distribution differ by less than 0.01. In the limit as n — oo, the ¢ distribution approaches the
standard normal distribution.

For the case of two or more experimental measurements, n > 2, it is shown®® that the
equation analogous to Eq. (4) is

_ A _ S
H~[X—’a/z,v 'Wax‘”a/z,v ;/7} (5)

where the level of confidence is given by 100(1—a )% and t ., 18 the 1—/2 quantile of the ¢

distribution for v =n—1 degrees of freedom. Equation (5) is regularly used for hypothesis
testing in classical statistical analyses. However, our perspective in the construction of validation
metrics 1s notably different. We wish to quantify the difference between the computational
results and the true mean of the experimental results. Stated differently, we wish to measure
shades of gray between a computational model and an experiment—not make a “yes” or “no”
statement about the congruence of two hypotheses.

4.1.2 Construction of a Validation Metric Based on Confidence Intervals

As discussed with regard to Fig. 1, the input quantities that should be used in the
computational simulation of the SRQ of interest are those that are actually realized in the
validation experiment. Some of these input quantities from the experiment may not be known
precisely for various reasons, for example: a) a quantity may not have been specifically
measured but was estimated by the experimentalist, taken from an engineering handbook of
physical properties, or simply taken from a fabrication drawing of hardware to be used in the
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experiment; b) a quantity may not have been specifically measured but is known to be a sample
from a well-characterized population; and c) a quantity in the experiment may not be controllable
from one experiment to the next, but the individual realizations of the quantity are measured so
that the population for the entire experiment could be fairly well characterized. If these input
quantities are considered as random input variables to the computational model, the proper
procedure is to propagate these uncertain quantities through the model to characterize the SRQ as
a random variable. To avoid this computational cost, as discussed previously, it is commonly
assumed that the mean value of the SRQ can be approximated by propagating only the mean, i.e.,
the expected value, of all uncertain input parameters through the computational model. The
accuracy of this assumption is addressed in many texts on propagation of uncertain inputs
through a model of a physical system to obtain an uncertain SRQ (see for example, Ref. 56).

A Taylor series can be written that shows the approximation. Let Y, be the random
variable SRQ from the computational model; let g(*) represent the PDE with the associated
initial conditions and boundary conditions that maps uncertain inputs to the uncertain SRQ; and
let y,, where i =1,2, ..., n, be the uncertain input random variables. Then the Taylor series for

uncorrelated input random variables can be expanded about the mean of each of the input
variables, i, , and written as®

253 i

y4l

1< 82
5[Ym]:g(#llaub,---,u%) +—Z(W§] Var(y,)+ - (6)
u

where € [Ym] is the expected value, i.e., the mean, of the SRQ and Var(y, ) is the variance of the
input variables. It is seen from Eq. (6) that the first term of the expansion is simply g evaluated at
the mean of the input variables. The second term is the second derivative of g with respect to the
input variables. This term, in general, will only be zero if g is linear in the input variables.
Linearity in the input variables essentially never occurs when the mapping of inputs to outputs is
given by a differential equation, even a linear differential equation. With this approximation
clarified, we now move on to the construction of a validation metric.

For the validation metric we wish to construct, we are interested in two quantities. First,
we want to estimate an error in the SRQ of the computational model based on the difference
between the computational model and the estimated mean of the population based on the
experimentally measured samples of the SRQ. Let y, be the SRQ from the computational

model, i.e., the first term of the series expansion given in Eq. (6). Changing the notation used
previously for the experimental measurements from X to y,, we define the estimated error in

the computational model as

~

E=y,—7, (7

where y, is the estimated, or sample, mean based on 7 experiments conducted. y, is given by
_ I
Vo= 2. ®
n =1
where y,, y2, ..., y" are the individually measured results of the SRQ from each experiment.
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Second, we wish to compute an interval that contains the true error, which we do not
know, at a specified level of confidence. Let the true error £ be defined as

E=y,—u )

where p is the true mean of the population. Writing the confidence interval expression, Eq. (5),
for p as an inequality relation and changing the notation as just mentioned, we have

— § §

ye_ta/Z,v._\/;<nu’<ye+ta/2,v'ﬁ (10)

where s is the sample standard deviation given by

R
<[ L0y an

n—133

Multiplying Eq. (10) by —1 and adding y, to each term, we have

S N T Tt it S (12)
m e of2,v \/; m m e a/2,v v;

Substituting the expression for the true error, Eq. (9), into Eq. (12) and rearranging, one obtains

_ § — S
ym_ye_ta/Z,v.W<E<ym_ye+ta/2,v'ﬁ (13)

Substituting the expression for the estimated error, Eq. (7), into Eq. (13), we can write the
inequality expression as an interval containing the true error where the level of confidence is
given by 100(1 —ot)%:

~ A ~ N
[E‘fa/z,v . W E+ tapay WJ (14)

Using the traditional level of confidence of 90%, one can state the validation metric in the
following way: The estimated error in the model is E = v, —,, with a confidence level of 90%
that the true error is in the interval

~ s = s
(E ~Loosy " ﬁ» E+1t505, '\/_;J (15)

Three characteristics of this validation metric should be mentioned. First, the statement of
confidence is made concerning an interval in which the true error is believed to occur. The
statement of confidence is nof made directly concerning the magnitude of the estimated error,
nor an interval around the computational prediction. The reason such statements cannot be made
is that the fundamental quantity that is uncertain is the #rue experimental mean. Stated
differently, although we are asking how much error there is in the computational result, the
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actual uncertain quantity is the referent, i.e., the true experimental value, not the computational
result.

Second, the interval believed to contain the true error is symmetric around the estimated
error. We can also state that the rate of decrease of the magnitude of the interval is a factor of 2.6
when going from two experiments to three experiments. For a large number of experiments, the

rate of decrease of the magnitude of the interval is l/ Jn . Additionally, the size of the interval

decreases linearly as the sample standard deviation decreases.

Third, for small numbers of experimental measurements, the assumption must be made
that the measurement uncertainty is normally distributed. Although this is a very common
assumption in experimental uncertainty estimation and probably is well justified, it is rarely
demonstrated to be true.”*>> However, for a large number of experimental measurements, as
discussed above, the confidence interval on the mean is valid regardless of the type of probability
distribution representing measurement uncertainty.

As a final point in the development of our approach to validation metrics, we stress the
primacy we give to the experimental data. As can be clearly seen from Eq. (9), the referent for
the error measure is the experimental data; not the computational model, or some type of
weighted average between the computational model and the experimental data. Our perspective
is built on the proven tradition in science. However, this perspective is not without risk,
specifically, if an undetected bias error exists in the experimental data. (See, for example, Refs. 3
and 54, for further discussion.)

4.2 Example: Thermal Decomposition of Foam

As an example of the application of the validation metric just derived, consider the
assessment of a computational model for the rate of decomposition of a polyurethane foam due
to thermal heating. The computational model solves the energy equation and is composed of
three major components: a) thermal diffusion through the materials involved, b) chemistry
models for the thermal response and decomposition of polymeric materials due to high
temperature, and c) radiation transport within the domain and between the boundaries of the
physical system. The foam decomposition model predicts the mass and species evolution of the
decomposing foam and was developed by Hobbs et al.”” Dowding et al.’! computed the results
for this example using the computer code Coyote, which solves the mathematical model using a
finite element technique.” Three-dimensional, unsteady solutions were computed until the foam
decomposes, vaporizes, and escapes from the container. Solution verification for the
computational results relied on the grid-refinement studies previously conducted by Hobbs et
al.”’ These earlier grid-refinement studies estimated that the mesh discretization error was less
than 1% for the velocity of the foam decomposition front for mesh sizes less than 0.1 mm.

The experiment to evaluate the computational model was composed of a polyurethane
foam enclosed in a stainless steel cylinder that was heated using high-intensity lamps (Fig. 2).
The experiment was conducted by Bentz and Pantuso and is reported in Hobbs et al.’” The
position of the foam—gas interface was measured as a function of time by x-rays passing through
the cylinder. The steel cylinder was vented to the atmosphere to allow gas to escape, and it was
heated in three directions: top, bottom, and side. For some of the experiments, a solid stainless
steel cylinder or hollow aluminum component was embedded in the foam.
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Fig. 2 Schematic of foam decomposition experiment.

The SRQ of interest is the average velocity of the foam decomposition front when the
front has moved between 1 and 2 cm. The SRQ was measured as a function of imposed
boundary-condition temperature. Since we are only considering one operating condition for the
present validation-metric example, we pick the temperature condition of 7'= 750°C because it
had the largest number of experimental replications. Some of the replications, shown in Table 1,
were the result of different orientations on the heat lamps. Computational simulations by
Dowding et al.’' showed that cylinder orientation had little effect on the velocity of the
decomposition front. Since we are only interested in a single deterministic result from the code,
we picked one of the Dowding et al. results for the computational SRQ. The result chosen for the
computational SRQ was 0.2457 cm/min. With this approximation, we assigned the variability
resulting from the heating orientation of the cylinder to uncertainty in the experimental
measurements.

Table 1 Experimental data for foam decomposition, Ref. 57

Experiment = Temperature Heat V(experiment)
No. (°C) Orientation (cm/min)
2 750 bottom 0.2323
5 750 bottom 0.1958
10 750 top 0.2110
11 750 side 0.2582
13 750 side 0.2154
15 750 bottom 0.2755
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Using the data in Table 1 and Egs. (5), (7), (8), (11) and (15), we obtain

number of samples =n =6

sample mean =y, =0.2314 cm/min

estimated error = £ = 0.2457 — 0.2314 = 0.0143 cm/min
sample standard deviation = s = 0.0303 cm/min
degrees of freedom=n—-1=v=>5

t distribution for 90% confidence (v =5) = 7, , = 2.015

+ 105y == %0.0249 cm/min

Jn
true mean with 90% confidence = p ~ (0.2065, 0.2563) cm/min

true error with 90% confidence ~ (— 0.0106, 0.0392) cm/min

Figure 3 depicts the sample mean, the model mean, the estimated interval of the true
mean, and the estimated error with 90% confidence. In summary form, the result of the

validation metric is E = 0.0143 + 0.0249 cm/min with 90% confidence. Since the magnitude of

the uncertainty in the experimental data is roughly twice the estimated error, one cannot make
any more-precise conclusions than +0.0249 cm/min (with 90% confidence) concerning the
accuracy of the model. Whether the estimated accuracy, with its uncertainty, is adequate for the
intended use of the model is the second step in validation, as was discussed with regard to Fig. 1.
If the estimated accuracy, with its uncertainty, is not adequate for a model-use decision, then one
has two options. The first option, which is the more reasonable option for this case, is to reduce
the experimental uncertainty in future measurements by obtaining additional experimental
measurements or by changing the experimental procedure or diagnostic method to reduce the
experimental uncertainty. The second option would be to improve, or update, the model so that it
gives more-accurate results. However, in the present case, the error in the model is small with
respect to the experimental uncertainty. As a result, this option would make little sense.
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Fig. 3 Statistical and validation-metric results of foam decomposition.

5. Validation Metric Using Interpolation

5.1 Development of the Equations

We are now interested in the case where the SRQ is measured over a range of the input

variable or the operating-condition variable. For example, in the foam decomposition experiment
just discussed, we would be interested in the velocity of the foam decomposition front as a
function of the heating temperature of the cylinder. Another example would be the thrust of a
rocket motor as a function of burn time. Here we consider the case of one input variable, while
all others are held constant. This type of comparison is probably the most common between
computational and experimental results. The present ideas could be extended fairly easily to the
case of multiple input variables as long as the input variables were independent.

1)

2)

D

The following assumptions are made with regard to the computational results:

The mean value of the SRQ is obtained by using the mean value of all uncertain input
parameters in the computational model, i.e., the first term of the series expansion given in
Eq. (6). Input parameters include, for example, initial conditions, boundary conditions,
thermodynamic and transport properties, geometric quantities, and body forces such as
electromagnetic forces on the domain of the PDEs.

The SRQ is computed at a sufficient number of values over the range of the input
variable, thus allowing an accurate construction of an interpolation function to represent
the SRQ.

The following assumptions are made with regard to the experimental measurements:

The input variable from the experiment is measured much more accurately than the SRQ.
Quantitatively, this means that the standard deviation of the input variable is much
smaller than the standard deviation of the SRQ. Note that this assumption allows for the
case where the input variable is uncontrolled in the experiment but assumed to be
accurately measured.

25



2) Two or more experimental replications have been obtained. Using the terminology of
Coleman and Steele,5 % it is desirable that Nth-order replications have been obtained, and
possibly even replications made by different experimentalists using different facilities
and different diagnostic techniques.

3) The measurement uncertainty in the SRQ from one experimental replication to next, and
from setup to setup, 1s given by a normal distribution.

4) Each measurement over the range of the input parameter is independent from other
measurements. That is, there is zero correlation or dependence between the measurement
error in one measurement and the measurement error in any other measurement.

5) The experimental measurements for each replication are well distributed over the range
of the input variable. That is, over the range of the input variable, an interpolation
function can be accurately constructed from each experimental replication to represent a
continuous function of the measured SRQ.

With these assumptions, the equations developed in Sec. 4.1 are easily extended to the
case in which both the computational result and the experimental mean for the SRQ are functions
of the input variable. Using Eq. (7), the estimated error as a function of the input variable x can
be written as

E(x)=y,(x)-73,(x) (16)

where y, (x) is the computational result and ¥,(x) is the estimated mean from multiple

experimental replications, both as a function of x. Following Eq. (8), ¥,(x) is computed using

7. (1= X (x) (17

Note that y’ (x) is interpolated using the experimental data from the i’th experimental

replication, i.e., the ensemble of measurements over the range of x from the i’th experiment.
Each experimental replication need not make measurements at the same values of x because a
separate interpolation function is constructed for each ensemble of measurements, i.e., each i’th

experimental replication. As a result, ¥, (x) is interpolated at the discrete x values that are chosen

in the summation of Eq. (17).
Using Eq. (5), the true mean as a function of x can be written as the interval

:u(x)~(ye(x)—to.os,v 'f%’ y—e('x)+t0.05,v.%’2_)J (18)

with a confidence level of 90%. Using Eq. (11), the standard deviation as a function of x is

s<x>~[ LSy (x)—,vem)zr (19)

Finally, using Eq. (15), the true error as a function of x is
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E(x)~[12~<x>—r0.05,v-M E()rﬁ] (0)

with a confidence level of 90%.

5.2 Global Metrics

Although Egs. (16), (18), and (20) provide the results of the validation metric as a
function of x, there are some situations where it is desirable to construct a more compact, or
global, statement of the validation metric result. For example, in a high-level project
management review, it may be useful to quickly summarize measures of agreement for a large
number of computational models and experimental data. A convenient method to compute a
global metric would be to use a vector norm of the estimated error over the range of the input
variable. The L, norm is useful to interpret the estimated average absolute error of the

computational model over the range of the data. Using the L, norm, one could form an average

absolute error or a relative absolute error over the range of the data. We choose to use the
relative absolute error by normalizing the absolute error by the estimated experimental mean and
then integrating over the range of the data. We define the average relative error metric to be

_ 1 J- V(%) =3, (x)
avg (xu—x,) .

v (x)
where x, is the largest value and x, is the smallest value, respectively, of the input variable. As

E

Ye

dx (21)

long as

is not near zero, the average relative error metric is a useful quantity.

The confidence interval that should be associated with this average relative error metric is
the average confidence interval normalized by the absolute value of the estimated experimental
mean over the range of the data. Using Eq. (18), we define the average relative confidence
indicator as

cI
Ye

tOOSv

(22)

x —xl
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We refer to gl—
ye avg

because the uncertainty structure of s(x) is not maintained through the integration operator.

~

as an indicator, as opposed to an average relative confidence interval,
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would provide a quantity with which to interpret the significance of |—| . Stated
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differently, the magnitude of |—

— should be interpreted relative to the magnitude of the
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normalized uncertainty in the experimental data, |—
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There may be situations where the average relative error metric may not adequately
represent the model accuracy because of the strong smoothing nature of the integration operator.
For example, there may be a large error at some particular point over the range of the data that
should be noted. It is useful to define a maximum value of the absolute relative error over the
range of the data. Using the L_ norm to accomplish this, we define the maximum relative error

metric as
E -y, (x
B o 050 o)
ye max XI<X<X ye(x)
A significant difference between |—  and | —  would indicate the need to more
Ve Ve
avg max

carefully examine the trend of the model with respect to the trend of the experimental data.

The confidence interval that should be associated with the maximum relative error metric
is the confidence interval normalized by the estimated experimental mean. Both the confidence
interval and the estimated experimental mean are evaluated at the point where the maximum

~

relative error metric occurs. Let the x value where occurs be defined as x. Then the

Ye
confidence interval associated with the maximum relative error metric is

s(%)
v. (%)
Note that in this section, Section 5, all of the functions of x, e.g., v, (x) and s(x), are

considered as continuous functions constructed by interpolation. In the next section, Section 6,
we consider the case where these functions are constructed using regression.
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5.3 Example: Turbulent Buoyant Plume

As an example of the validation metric just derived, consider the assessment of a
computational model for a turbulent buoyant plume of helium that is exiting vertically from a
large nozzle. Turbulent buoyant plumes, typically due to the combustion of fuel-air mixtures,
have proven to be especially difficult to model in CFD. This is primarily because of the strong
interaction between the density field and the momentum field dominated by large turbulent
eddies. The slowest turbulent scales are on the order of seconds in large fires, and this large-scale
unsteadiness is beyond the modeling capability of a Reynolds-Average Navier—Stokes (RANS)
formulation. The computational model to be evaluated here solves the continuity equation and
the temporally filtered Navier—Stokes (TFNS) equations. The TFNS equations are similar to
RANS equations, but a narrower filter width is used so that large-scale unsteadiness can be
captured.” DesJardin et al.®® have also computed turbulent buoyant plumes using large-eddy
simulation (LES), but these simulations are even more computer intensive than TFNS
simulations. Tieszen et al.®' conducted an unsteady, three-dimensional simulation of a large-scale
helium plume using the TENS model and the standard k-¢ turbulence model. These models,
among others, are implemented in the SIERRA/Fuego computer code® being developed at
Sandia as part of the ASC Program.
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The experimental data for the validation metric were obtained in the Fire Laboratory for
Accreditation of Models and Experiments (FLAME) facility at Sandia. The FLAME facility is a
building designed for indoor fire experiments so that atmospheric winds do not influence the
buoyant plume and all other boundary conditions affecting the plume can be measured and
controlled. For the present experiment, instead of the fuel-pool fire producing a buoyant plume,
an inflow jet of helium was used (Fig. 4).°*% The helium source is 1 m in diameter and is
surrounded by a 0.51 m wide surface to simulate the ground plane that is typical in a fuel-pool
fire. Inlet air is injected from outside the building at the bottom of the facility and is drawn by the
accelerating helium plume over the ground plane surrounding the plume source.

Helium Plume Source
V=0.325 m/s 4+ 2.6%

Laser Light
Sheet

Air Source

PIV Seedi
L V =0.15 m/s 4 8%

Tubes

FLAME
Facility

Video Camera

Fig. 4 Experimental setup for measurements of the helium plume.®*®

The experimental data consist of velocity field measurements using particle image
velocimetry (PIV) and scalar concentration measurements using planar-induced fluorescence
(PLIF). Here we are interested in only the PIV measurements, but details of all of the diagnostic
procedures and uncertainty estimates can be found in O’Hern et al.®* The PIV data are obtained
from photographing the flowfield, which has been seeded with microspheres of glass beads, at
200 images/s. Flowfield velocities are obtained in a plane that is up to 1 m from the exit of the jet
and illuminated by a laser light sheet. The flow velocity of interest here, i.e., the SRQ that is
input to the validation metric, is the vertical velocity component along the centerline of the
helium jet. For unsteady flows such as this, there are a number of different oscillatory modes that
exist within the plume. The SRQ of interest is time-averaged for roughly 10 s in the experiment,
which is roughly seven cycles of the lowest mode in the jet. Shown in Fig. 5 are four
experimental measurements of time-averaged vertical velocity along the centerline as a function
of axial distance from the exit of the helium jet. The experimental realizations were obtained on
different days, with different equipment setups, and with multiple recalibrations of the
instrumentation. A large number of velocity measurements were obtained over the range of the
input variable, the axial distance, so that an accurate interpolation function could be constructed.
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Fig. 5 Experimental measurements of time-averaged vertical velocity along the centerline
for the helium plume.6°’63

Tieszen et al.*! investigated the sensitivity of their solutions to both modeling parameters

and numerical discretization on an unstructured mesh. The key modeling parameter affecting the
TFNS solutions is the size of the temporal filter relative to the period of the largest turbulent
mode in the simulation. Four spatial discretizations were investigated: 0.25M, 0.5M, 1M, and
2M elements (1M = 1x10°). Each of these solutions was time-averaged over roughly seven
puffing cycles, as were the experimental data. In comparing their 1M- and 2M-element solutions,
we found little reason to be convinced that the 2M-element solution was spatially converged. A
finer mesh, say, 4M elements, would greatly help in determining whether the computational
results are actually converged. However, computational resources were not available to compute
the 4M-element solution. As a result, we will use their 2M-element solution as only
representative data with which to demonstrate the present validation metric.

Using the experimental data shown in Fig. 5 and Eq. (17), noting that » =4, one obtains
the sample mean of the measurements shown in Fig. 6. Also, using the interpolated function for
the experimental sample mean and Egs. (18) and (19), one obtains the interval around the
estimated mean in which the true mean will occur with 90% confidence (Fig. 6). The
computational solution obtained from the 2M-element mesh is also shown in Fig. 6. As is
commonly done in the literature, an author would conclude that there is “good” agreement
between computational and experimental results or, more boldly, claim that the code has been
“validated.” However, as discussed previously, such statements ignore critical issues: a) “good”
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has not been quantified; and b) accuracy requirements for the intended use of the model have
been ignored, rendering any claim of “good” agreement questionable.
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Fig. 6 Experimental sample mean with 90% confidence interval and computational result
for vertical velocity in the helium plume.

The level of (dis)agreement between computational and experimental results can be more
critically seen by plotting the estimated error using Eq. (16) along with the 90% confidence
interval from the experiment (see Fig. 7). The type of plot shown in Fig. 7 is the result of the
validation metric derived in Sec. 5.1. Examining these quantities provides a magnifying glass, as
it were, to both the etror in the computational model and the uncertainty in the experimental data.
Only courageous modelers, experimentalists, or decision makers using the model will be eager to
examine matters this closely. Two points should be made from Fig. 7. First, the largest modeling
error, although not large, occurs very near the beginning of the plume. Second, near this region,
the magnitude of the modeling error is outside the 90% confidence interval of the experimental
data, giving credence to the estimated modeling error. We remind the reader that these
conclusions can only be defended if it is assumed that the TFNS solution is mesh converged.
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Fig. 7 Validation metric result and 90% confidence interval for centerline velocity.

The validation metric result shown in Fig. 7 can be quantitatively summarized, or
condensed, using the global metrics given in Egs. (21-24). Over the range of the data, these
results are as follows:

Average Relative Error = 11% + 9% with 90% confidence
Maximum Relative Error = 54% =+ 9% with 90% confidence

Thus, the average relative error could be as large as 20% and as small as 2% (on average) over
the range of the data with 90% confidence due to uncertainty in the experimental data. The
average relative error shows that the model accuracy, on average, is comparable to the average
confidence indicator in the experimental data. Similarly, the maximum relative error could be as
small as 45% and as large as 63% with 90% confidence due to uncertainty in the experimental
data. The maximum relative error, 54%, which occurs at x = 0.067 m, is five times the average
relative error, indicating a significant difference in the local character of the computational
model and the experimental data. Note that for these experimental data, the average relative
confidence indicator, 9%, happens to be essentially equal to the relative confidence interval at
the maximum relative error. If one was using both the average relative error and the maximum
relative error for a “first look” evaluation of the model, a large difference between these values

should prompt a more careful examination of the data, for example, examination of plots such as
Figs. 6 and 7.
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The final method of displaying the results of the validation metric is to plot the 90%
confidence interval of the true error in velocity predicted by the computational model as a
function of the axial distance from the exit of the jet. Using Eq. (20), one obtains the result
shown in Fig. 8. Our best approximation of the true error in the model is the estimated error.
However, with 90% confidence, we can state that the true error is in the interval shown in Fig. 8.

04

¢ est error TFNS 2M node mesh !

= upper and lower 90% confidence interval [

true error confidence interval (m/s)

0.6 i |
0 01 02 03 04 05 06 07 08

axial distance (m)

Fig. 8 Estimated error and true error in the model with 90% confidence interval.

Although Fig. 8 displays essentially the same data as shown in Fig. 7, Fig. 8 allows us to
consider slightly different perspectives for assessing the model. For example, we could view Fig.
8 from the perspectives of those who might use the validation metric results to evaluate the
predictive capability of the computational model. A model builder, for example, would likely
investigate the cause of the largest error, i.e., near x =0.1 m, and explore ways to improve the
model. For an analyst, i.e., a person who is going to use the model for predictions of flowfields
that are related to the present flowfield, the perspective is somewhat different from that of the
model builder’s. The analyst might conclude that the accuracy of the model is satisfactory for its
intended use and simply apply the model as it is. Alternatively, the analyst might decide to use
Fig. 8 to incorporate a bias-error correction directly on the SRQ, i.e., the vertical velocity on the
centerline of the plume. For example, the analyst might take any new result for the SRQ
computed from the model and correct it according to the curve for the estimated error in Fig. 8. If
the analyst was conducting a nondeterministic analysis, the analyst might assign a bias correction
using a normal probability distribution to the interval shown in Fig. 8, with the expected value
set to the estimated error and the upper and lower intervals set to the 90% quantile of the
distribution. This procedure for model correction would clearly involve risk because it
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completely ignores the physical cause of the error. However, if the schedule or budget for
completing the analysis does not allow further investigation, this procedure could prove useful
for the analyst and decision maker.

6. Validation Metric Requiring Regression

6.1 Development of the Equations

We are now interested in a case similar to that described in Sec. 5, where there is still one
SRQ that is measured over a range of one input or operating-condition variable but the quantity
of experimental data for this new case is not sufficient to construct an interpolation function.
Consequently, a regression function (curve fit) must be constructed to represent the estimated
mean over the range of the data. Some examples are lift (or drag) of a flight vehicle as a function
of the Mach number, turbopump mass flow rate as a function of back pressure, and depth of
penetration into a material during high-speed impact. Construction of a regression function is
probably the most common situation that arises in comparing computational and experimental
results when the input variable is not time. When time-dependent SRQs are recorded, the
temporal resolution is typically high so that the construction of a validation metric would be
analogous to the situation discussed in Sec. 5.

Regression analysis procedures are well developed in classical statistics for addressing
how two or more variables are related to each other when one, or both, contain random
uncertainty. We are interested here in the restricted case of univariate regression, i.e., how one
variable (the SRQ) relates to another variable (the input variable). The two assumptions
pertaining to the computational results discussed in Sec. 5.1 are also made for the present case.
The first four assumptions pertaining to the experimental measurements discussed in Sec. 5.1 are
also made for the present case. In addition to these, the following assumption is made with
regard to the experimental uncertainty: The standard deviation of the normal distribution that
describes the measurement uncertainty is constant over the entire range of measurements of the
input parameter. It should also be noted that this assumption is probably the most demanding of
the experimental measurement assumptions listed.

In the present development, it was initially thought that traditional confidence intervals in
regression analysis could be applied to the construction of the validation metric. (See, for
example, Ref. 26 for a description of the traditional development of confidence intervals in
regression analysis.) We realized, however, that the traditional development only applies to the
case of a specific, but arbitrary, value of the input parameter. That is, the traditional confidence
interval is a statement of the accuracy of the estimated mean as expressed by the regression for
point values of the input parameter x. The traditional confidence interval is written for p

conditional on a point value of x, say, x* i.e., ,u]:i,(x)lx*]. As a result, the traditional

confidence-interval analysis cannot be applied to the case of a validation metric over a range of
the input variable.

A more general statistical analysis procedure was found that develops a confidence
interval for the entire range of the input parameter.®*® That is, we wish to determine the
confidence interval that results from uncertainty in the regression coefficients over the complete
range of the regression function. The regression coefficients are all correlated with one another
because they appear in the same regression function that is fitting the experimental data. This
type of confidence interval is typically referred to as a simultaneous confidence interval, a
simultaneous inference, or a confidence region so that it can be distinguished from traditional (or
single-comparison) confidence intervals.
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Since the quantity of experimental data is not sufficient to construct an interpolating
function, we must represent the estimated mean of the data, 7,(x), as a regression function and

write
ye(x):f(x;epez,"‘,ep)‘i‘g (25)

where f(x; ) is the chosen form of the regression function over the range of the input parameter
x; 6,,0,,--,0 , are the unknown coefficients of the regression function; and € is the random

measurement error. A key simplification in solving for the regression coefficients occurs when
the coefficients appear linearly in the regression function. The linear regression case would be
written as

Y (X)=£(x) 6+ £,(x) 0, -+ £, (x)6, +¢ (26)

Note that regardless of the functions f,(x), this equation is linear in ;. If the additional

simplification is made that Eq. (26) is also linear in x, then one has
y,(x)=6,+x6,+¢

For this case, the equations for the coefficients can be analytically derived using a least-squares
fit of the experimental data. The resulting equations are given in Miller,** and the simultaneous
confidence intervals are usually called the Scheffe confidence intervals.

For the general nonlinear case, Eq. (25) can be written as

v.(x)=f(x:6)+e (27)

where 6 is the vector of unknown regression coefficients. Let the set of n experimental
measurements of the SRQ of interest be given by

(¥ix) fori=1,2,..n (28)

65,66

Using a least-squares fit of the experimental data, it can be shown that the error sum of

squares S (5 ) in p-dimensional space is

n

5(8) = X[ ¥ (x) - #(x:6)] (29)

i=1

The vector that minimizes S(§ ) is the solution vector, and it is written as 6 . This system of

simultaneous, nonlinear equations can be solved by various software packages that compute
solutions to the nonlinear least-squares problem.
Draper and Smith® and Seber and Wild*® discuss a number of methods for the

computation of the confidence regions around the point 6 in p-dimensional space. For any

specified confidence level 100(1—«)%, a unique region envelops the point 6. For two
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regression parameters, (6,, 6, ), we have a two-dimensional space, and these regions are contours
that are similar to ellipses with a curved major axis. For three parameters, ®,,6,.6, ), we have a

three-dimensional space, and these regions are contours that are similar to bent ellipsoids and
shaped like a banana. A procedure that appears to be the most robust to nonlinear features in the
equations,®® and one that is practical when p is not too large, is to solve an inequality for the set

of 8 :

6 such that S(é) SS(é){H p F(p, n— p,l—a)} (30)

n—=p

In Eq. 30, F(v,,v,,1—a) is the F probability distribution, v, is the first parameter specifying
the number of degrees of freedom, v, is the second parameter specifying the number of degrees

of freedom, 1—« is the quantile for the confidence interval of interest, and » is the number of
experimental measurements.

We would like to make a quantitative assessment of the global modeling error by
appealing to Egs. (21-24). However, the average relative confidence indicator, Eq. (22), and the
confidence interval associated with the maximum relative error, Eq. (24), are based on
symmetric confidence intervals, i.e., Eq. (18). Since we no longer have symmetric confidence
intervals, we approximate these intervals by taking the average half-width of the confidence
interval over the range of the data, and the half-width of the confidence interval at the maximum
relative error, respectively. As a result, we now have

t s -
g — 0.03,v N (X)_"l' s (X) dx (31)
Vilwe (- x,)Nn A Y
for the average relative confidence indicator and
g _ t0.0S,v S+(.£)+S7(5(\f)| (32)
Vol Vn | 2B |

for the half-width of the confidence interval at the maximum relative error. s* (x) and s (x) are
the upper and lower confidence intervals, respectively, as a function of x.

6.2 Solution of the Equations
We consider a geometric interpretation of Eq. (30) to facilitate the numerical evaluation

of the inequality. We seek the complete set of 6 values that satisfy the inequality. For a given

confidence level o, the inequality describes the interior of a p-dimensional hypersurface in 6
space. Thus, for p =2, it describes a confidence region, bounded by a closed contour, in the

parameter space (6,,6,). An example of a set of such contours is depicted in Fig. 9. As the
confidence level increases, the corresponding contours describe larger and larger regions about
the least-squares parameter vector 0 . To determine the confidence intervals associated with the

regression equation, Eq. (25), we must determine all 6 lying within (and on) the desired contour,
Eq. (30). The confidence intervals are determined by computing the envelope of regression

curves resulting from all 6 lying within the confidence region. One may ask why the regression
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function must be evaluated over the entire confidence region. This must be done because the
nonlinear regression function can have maxima and minima anywhere within the confidence
region.
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8,

Fig. 9 Example of various confidence regions for the case of two regression parameters.

The numerical algorithm employed in the present work discretizes the interior of the
confidence region using several contour levels that lie within the highest confidence contour. For
example, suppose we wish to calculate the 90% confidence interval given the confidence regions
depicted in Fig. 9. We would evaluate the regression equation at a number of points, say, 20,
along the entire 90% contour. Then we would do the same along the 80% contour, the 70%
contour, and so on, down to the 10% contour. With all of these regression-function evaluations,
we would then compute the maximum and minimum of the function over the range of the input
parameter x. This would provide reasonably good coverage of the 90% confidence interval of the
regression function. If more precision was needed, one could choose more function evaluations
along each contour and compute each contour in 1% increments of the confidence level.

For a three-dimensional regression parameter space, slices can be taken along one
dimension of the resulting three-dimensional surface, and each slice can be discretized in the
manner described for the two-dimensional case. Generalizing to N dimensions, one may generate
a recursive sequence of hypersurfaces of lower dimension until a series of two-dimensional
regions are obtained and evaluation over all of the two-dimensional regions gives the desired
envelope of regression curves.

6.3 Example: Compressible Free-Shear Layer

The example chosen for the application of the validation metric derived in Sec. 6.1 is
prediction of compressibility effects on the growth rate of a turbulent free-shear layer. An
introduction to the problem is given, followed by a discussion of the available experimental data.
Details of the computational model and verification of the numerical solutions are then described
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along with the validation metric results. A more detailed discussion of the experimental and
computational analysis can be found in a paper by Barone et al.®’

6.3.1 Problem Description

The planar free-shear layer is a canonical turbulent flow and a good candidate for use in a
unit-level validation study. Figure 10 shows the general flow configuration in which a thin
splitter plate separates two uniform streams (numbered 1 and 2) with different flow velocities
and temperatures. The two streams mix downstream of the splitter-plate trailing edge, forming
the free-shear layer within which momentum and energy are diffused. For a high-Reynolds-
number flow, the boundary layers on both sides of the plate and the free-shear layer are
inevitably turbulent. In the absence of any applied pressure gradients or other external
influences, the flowfield downstream of the trailing edge consists of a shear-layer development
region near the edge, followed by a similarity region. Within the development region, the shear
layer adjusts from its initial velocity and temperature profiles inherited from the plate boundary
layers. Further downstream in the similarity region, the shear-layer thickness 8(x) grows linearly

with streamwise distance x, resulting in a constant value of d&/dx .

M1‘T1'u|‘c1

0 (X)

M_ T  u .C,

Fig. 10 Flow configuration for the turbulent free-shear layer.

Of particular interest in high-speed vehicle applications is the behavior of the shear layer
as the Mach number of one or both streams is increased. A widely accepted parameter
correlating the shear-layer growth rate with compressibility effects is the convective Mach
number, which was defined by Bogdanoff ®® for mixing two streams of the same gas:

U —u,

M, = (33)

& 'l-C2

where u is the fluid velocity and c is the speed of sound. It has been found experimentally that an
increase in the convective Mach number leads to a decrease in the shear-layer growth rate for
fixed velocity and temperature ratios of the streams. This is usually characterized by the
compressibility factor @, which is defined as the ratio of the compressible growth rate to the
incompressible growth rate at the same velocity and temperature ratios:
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_ (d6/dx),
®= (dd/dx) G4

i

6.3.2 Experimental Data

Experimental data on high-speed shear layers are available from a number of independent
sources. The total collection of experimental investigations employs a wide range of diagnostic
techniques within many different facilities. Comparisons of data obtained over a range of
convective Mach numbers from various experiments indicate a significant scatter in the data (see
e.g., Lele®). Recently, Blottner (reported in Ref. 67) carefully reexamined the available data and
produced a recommended data set that exhibits a much lower spread. The guidelines for his
filtering and reanalysis of the data were as follows:

1) Shear-layer—thickness data based on pitot measurements or optical photographs were not
considered reliable and were rejected.

2) Data given for shear layers that were not clearly fully developed were rejected.

3) A consistent method was used to estimate the incompressible growth rate (d8/ dx)l. , given

the experimental flow conditions for each experiment considered.

Blottner’s resulting ensemble of data (from Refs. 68 and 70-80) is presented in Fig. 11. The data
are organized into groups of sources, some of which are themselves compilations of results from
several experiments.

+ Refs. 68,71
. v Ref. 72
14 4 ‘w » Refs. 73,74
'91 ¢ « Refs.75-77
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Convective Mach Number, MC

Fig. 11 Experimental data for compressibility factor versus convective Mach number.5’
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6.3.3 Computational Model

For the present study, we use the simulation results computed by Barone et al.” They
used the Favre-averaged compressible Navier—Stokes equations with the standard k-¢ turbulence
model.*! The low-Reynolds-number modification to the k-€ model of Nagano and Hishida®* was
applied near the splitter plate. Most turbulence models in their original form do not correctly
predict the significant decrease in shear-layer growth rate with increasing convective Mach
number, necessitating inclusion of a compressibility correction. Several compressibility
corrections, derived from a variety of physical arguments, are widely used in contemporary CFD
codes. In this study, the dilatation-dissipation compressibility correction of Zeman® is used.

The solutions were computed using SACCARA (Sandia Advanced Code for
Compressible Aerothermodynamics Research and Analysis),**® which employs a block-
structured, finite volume discretization method. The numerical fluxes are constructed with the
Symmetric TVD scheme of Yee,*® which gives a second-order convergence rate in smooth flow
regions. The equations are advanced to a steady state using the LU-SGS scheme of Yoon and
Jameson.®’ Solutions were considered iteratively converged when the L, norm of the momentum
equation residuals decreased eight orders of magnitude. Numerical solutions were obtained over
the convective Mach number range of the experimental data, from 0.1 to 1.5, in increments of
0.14.

For each convective Mach number, solutions were calculated on three grids: coarse,
medium, and fine. The grids are uniform in the streamwise, or x, direction, and stretched in the
cross-stream, or y direction, so that grid cells are clustered within the shear layer. The cells are
highly clustered in the y direction near the trailing edge and become less clustered with
increasing x to account for the shear-layer growth. Richardson extrapolation®™''* was used to
estimate the discretization error on (d8/dx). The maximum error in the fine-grid solution was

estimated to be about 1% at M, =0.1 and about 0.1% at M, =1.5.

We defined 0 using the velocity-layer—thickness definition (see Ref. 67 for details). As
mentioned previously, the thickness grows linearly with x only for large x due to the presence of
the development region, which precedes the similarity region. Given that the growth rate actually
approaches a constant value only asymptotically, the thickness as a function of x is fit with a
curve that mimics this functional form. The function used for the fit is

5()6) =B, + Bx+ lex_l (35)

which leads to a growth rate that approaches B, as x becomes large. The coefficient 3, is taken
to be the actual fully developed shear-layer growth rate.
Following extraction of the compressible growth rate, (d6/ dx)c, the incompressible

growth rate, (a’6/dx)i, must be evaluated at the same velocity and temperature ratio.

Incompressible or nearly incompressible results are difficult to obtain with a compressible CFD
code. Therefore, the incompressible growth rate was obtained by computing a similarity solution
for the given turbulence model and flow conditions. The similarity solution is derived by
Wilcox® in his turbulence modeling text and implemented in the MIXER code, which is
distributed with the text. The similarity solution is computed using the same turbulence model as
the Navier—Stokes calculations, but under the assumptions that a) the effects of laminar viscosity
are negligible and b) there exists zero pressure gradient.
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6.3.4 Validation Metric Results
The quantities  and dd/dx are post-processed from the finite-volume computational

solution and the MIXER code, but the system response quantity of interest for the validation
metric is the compressibility factor, @ . Before the validation metric result can be computed, we
must prescribe a form for the nonlinear regression function to represent the experimental data in
Fig. 11. It is important that the proper functional behavior of the data, established through
theoretical derivation or experimental measurement, should be reflected in the form of the
regression function. For the compressible shear layer, we know that @ must equal unity, by
definition, in the incompressible limit M, — 0. Experimental observations and physical
arguments also suggest that ® — constant as M, becomes large. These considerations lead to

the following choice of the regression function, taken from Paciorri and Sabetta™:

D=1+, 1 (36)
1+6,M?

Using Eq. (36) and the experimental data shown in Fig. 11, we used the MATLABY
function xlinfit from the Statistics Toolbox to calculate the following regression coefficients:

6,=0.5537,6,=31.79, 0, =8.426 (37)

We now compute the 90% confidence interval of the regression function Eq. (36), with

the 6 values given in Eq. (37) and the inequality constraint given by Eq. (30). We use the
method outlined in Sec. 6.2 to compute the 90% confidence region in the three-dimensional
space described by 6,, 6,, and 8,. The resulting confidence region, pictured in Fig. 12,

resembles a curved and flattened ellipsoid, especially for small values of 6,. The elongated
shape in the 6, direction indicates the low sensitivity of the curve fit to 8, relative to the other

two regression parameters. Evaluation of the regression function Eq. (36) for all 6 lying within
the 90% confidence region yields the desired simultaneous confidence intervals.
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Fig. 12 Three-dimensional 90% confidence region for the regression fit to the shear-layer
experimental data.

Figure 13 shows the final result of the analysis in graphical form: a plot of the
experimental data along with the regression fit, the 90% confidence interval, and the
computational simulation result. Concerning the 90% confidence interval, it is seen that the
largest uncertainty in the experimental data occurs for large M, . This uncertainty is primarily a

result of the uncertainty, i.e., the 90% confidence interval, in the 6, parameter of the regression
function. From the viewpoint of the design of needed validation experiments, one can conclude
that future experiments should be conducted at higher convective Mach numbers to better
determine the asymptotic value of @®. Concerning the error assessment of the k-& model, it is
seen that the Zeman compressibility correction predicts a nearly linear dependence of the
compressibility factor on M_ over the range 0.2 < M_ <1.35. One could claim that the trend is
correct, i.e., the Zeman model predicts a significant decrease in the turbulent mixing as the
convective Mach number increases; however, the Zeman model does not predict the nonlinear
dependency on M . We did not compute any simulation results for M_ >1.5 and, as a result,

did not determine the asymptotic value of @ for the Zeman compressibility correction.
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However, the solutions for M, =1.36 and M, =1.50 suggest that the asymptotic value is near
®=049.
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Fig. 13 Comparison of the simulation result with the experimental data, nonlinear
regression curve, and 90% simultaneous confidence interval.

The estimated error of the model as a function of M_ using Eq. (16) is plotted in Fig. 14

along with the 90% confidence interval from the experimental data. This plot presents the
validation metric result, i.e., the difference between computation and the regression fit of the
experimental data, along with the 90% confidence interval representing the uncertainty in the
experimental data. As pointed out previously in the helium-plume example, the validation metric
makes a critical examination of both a computational model and the experimental data. With this
plot, it is seen that there is a slight underprediction of turbulent mixing in the range
0.3< M, <£0.6, and a significant overprediction of turbulent mixing in the range 0.7 < M_ <1.3.
Examining an error plot such as this, one could conclude that the Zeman model does not capture
the nonlinear trend of decreasing turbulent mixing with increasing convective Mach number.
Whether the model accuracy is adequate for the requirements of the intended application is, of
course, a completely separate conclusion.
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Fig. 14 Validation metric result and 90% confidence interval for ®.

Note that in Fig. 14 the confidence intervals are not symmetric with respect to zero. In the
case of nonlinear regression, specifically Eq. (34) here, the nonlinear function need not possess
any symmetric properties with respect to the regression parameters. Therefore, evaluation of the

nonlinear function over the set of § satisfying Eq. (30) results in asymmetric confidence
intervals over the range of the input parameter. For the shear-layer example, Eq. (36) is evaluated
over the volume of regression coefficients shown in Fig. (12).

Using Egs. (21), (23), (36) and (37), the results for the k-¢ model with the Zeman

compressibility correction over the range 0 < M, <1.5 are as follows:

Average Relative Error = 13% + 9% with 90% confidence
Maximum Relative Error = 35% + 10% with 90% confidence.

The average error of 12%, though not alarmingly large, is clearly larger than the average
experimental confidence indicator. As in the helium-plume example, we encounter a maximum
error that is noticeably larger than the average error, i.e., roughly a factor of three. From Fig. 14
it can be found that the maximum absolute error occurs at M, =0.83. The maximum relative

error, however, occurs at M_=0.88. At this value of M_, one determines that the 90%
confidence interval is £ 10%.

7. Conclusions and Future Work

The validation metrics derived here are relatively easy to compute and interpret in
practical engineering applications. When nonlinear regression functions are required for the
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metric, the nonlinear regression function requires a software package, such as Mathematica or
MATLAB, to perform the computations. The interpretation of the present metrics in engineering
decision making should be clear and understandable to a wide variety of technical staff (analysts,
model builders, and experimentalists) and management. The metric result has the following
form: estimated error of the model + an interval that represents experimental uncertainty with
90% confidence. The present metrics can be used to compare the modeling accuracy of different
competing models, or they can help to assess the adequacy of the given model for an application
of interest. We point out that how the result of a validation metric relates to an application of
interest, especially if there is significant extrapolation of the model for the application, is a
separate and more complex issue. Although this issue is not addressed here, it is critical to
estimation of computational modeling uncertainty for complex engineering systems.

The validation metrics presented should apply to a wide variety of physical systems in
fluid dynamics, heat transfer, and solid mechanics. If the SRQ is a complex time-varying
quantity, such as velocity at a point in a turbulent flow, then the quantity should be time-
averaged to obtain a steady state. If it is inappropriate to time-average the SRQ of interest and it
has a periodic character, or a complex mixture of many periods, such as modes in structural
dynamics, then the present metrics would not be appropriate. These types of SRQs require
sophisticated time-series analysis and/or mapping to the frequency domain. In addition, the
present metrics directly apply to single SRQs that are a function of a single input, or control,
quantity. Future work will extend the present approach to metrics that would apply to single
SRQs that are a function of multiple input quantities.

45



References

1Geers, T. L., "An Objective Error Measure for the Comparison of Calculated and Measured Transient
Response Histories," The Shock and Vibration Bulletin, Vol. 54, No. 2, 1984, pp. 99-107.

*Oberkampf, W. L., and Trucano, T. G., "Validation Methodology in Computational Fluid Dynamics,"
ATAA 2000-2549, Fluids 2000 Conference, Denver, CO, 2000.

3 Oberkampf, W. L., and Trucano, T. G., "Verification and Validation in Computational Fluid Dynamics,"
Progress in Aerospace Sciences, Vol. 38, No. 3, 2002, pp. 209-272.

*AIAA, "Guide for the Verification and Validation of Computational Fluid Dynamics Simulations,"
American Institute of Aeronautics and Astronautics, AIAA-G-077-1998, Reston, VA, 1998.

*Roache, P. J., "Need for Control of Numerical Accuracy,” Journal of Spacecraft and Rockets, Vol. 27,
No. 2, 1990, pp. 98-102.

6Roache, P. J., Verification and Validation in Computational Science and FEngineering, Hermosa
Publishers, Albuquerque, NM, 1998,

7R0ache, P. J., "Verification of Codes and Calculations," 4/44 Journal, Vol. 36, No. 5, 1998, pp. 696-
702.

SOberkampf, W. L., Trucano, T. G., and Hirsch, C., "Verification, Validation, and Predictive Capability in
Computational Engineering and Physics," Sandia National Laboratories, SAND2003-3769,
Albuquerque, NM, 2003.

*Knupp, P., and Salari, K., Verification of Computer Codes in Computational Science and Engineering,
Chapman & Hall/CRC, Boca Raton, FL, 2002.

"Roache, P. J., "Code Verification by the Method of Manufactured Solutions," Journal of Fluids

Engineering, Vol. 124, No. 1, 2002, pp. 4-10.

“Roache, P. J., "Perspective: A Method for Uniform Reporting of Grid Refinement Studies,” Journal of
Fluids Engineering, Vol. 116, 1994, pp. 405-413.

"Celik, I, and Zhang, W. M., "Calculation of Numerical Uncertainty Using Richardson Extrapolation:
Application to Some Simple Turbulent Flow Calculations," Journal of Fluids Engineering, Vol. 117,
1995, pp. 439-445.

PPelletier, D., Turgeon, E., Lacasse, D., and Borggaard, J., "Adaptivity, Sensitivity, and Uncertainty:
Towards Standards of Good Practice in Computational Fluid Dynamics," AIAA4 Journal, Vol. 41, No.
10, 2003, pp. 1925-1933.

“Roy, C. J., McWherter-Payne, M. A, and Oberkampf, W. L., "Verification and Validation for Laminar
Hypersonic Flowfields, Part 1: Verification,”" 4744 Journal, Vol. 41, No. 10, 2003, pp. 1934-1943.

15Peraire, J., and Patera, A. T., "Bounds for Linear-Functional Outputs of Coercive Partial Differential
Equations: Local Indicators and Adaptive Refinement," Advances in Adaptive Computational Methods
in Mechanics, edited by P. Ladeveze and J. T. Oden, Elsevier, 1998.

16Ainsworth, M., and Oden, J. T., A4 Posteriori Error Estimation in Finite Element Analysis, John Wiley,
New York, 2000.

“Babuska, 1., and Strouboulis, T., The Finite Element Method and its Reliability, Oxford University
Press, Oxford, UK, 2001.

'"®ASME, "Council on Codes and Standards, Board of Performance Test Codes: Committee on
Verification and Validation in Computational Solid Mechanics," American Society of Mechanical
Engineers, 2003, URL: http://cstools.asme.org/wbpms/CommitteePages.cfm?Committee=P01690000.

“Oberkampf, W. L., and Blottner, F. G., "Issues in Computational Fluid Dynamics Code Verification and
Validation," 4144 Journal, Vol. 36, No. 5, 1998, pp. 687-695.

20Oberkampf, W. L., "Design, Execution, and Analysis of Validation Experiments,” Verification and
Validation of Computational Fluid Dynamics, edited by F. Grasso, J. Periauz, and H. Deconinck, von
Karman Institute for Fluid Dynamics, Rhode Saint Genese, Belgium, 2000.

! Aeschliman, D. P., and Oberkampf, W. L., "Experimental Methodology for Computational Fluid
Dynamics Code Validation," AIA4 Journal, Vol. 36, No. 5, 1998, pp. 733-741. '

Trucano, T. G., Pilch, M., and Oberkampf, W. L., "General Concepts for Experimental Validation of
ASCI Code Applications,” Sandia National Laboratories, SAND2002-0341, Albuquerque, NM, 2002.

46



“Roy, C. J., Oberkampf, W. L., and McWherter-Payne, M. A., "Verification and Validation for Laminar
Hypersonic Flowfields, Part 2: Validation," 4144 Journal, Vol. 41, No. 10, 2003, pp. 1944-1954.

24Bendat, J. S., and Piersol, A. G., Random Data: Analysis & Measurement Procedures, 3rd ed., Wiley,
New York, 2000.

25Wirsching, P, Paez, T., and Ortiz, K., Random Vibrations: Theory and Practice, Wiley, New York,
1995.

Devore, I. L., Probability and Statistics for Engineers and Scientists, 5th ed., Duxbury, Pacific Grove,
CA, 2000.

*"Montgomery, D. C., Design and Analysis of Experiments, 5th ed., John Wiley, Hoboken, NJ, 2000.

28Hills, R. G, and Trucano, T. G., "Statistical Validation of Engineering and Scientific Models: A
Maximum Likelihood Based Metric," Sandia National Laboratories, SAND2001-1783, Albuquerque,
NM, 2002.

29Paez, T. L., and Urbina, A., "Validation of Mathematical Models of Complex Structural Dynamic
Systems," Proceedings of the Ninth International Congress on Sound and Vibration, Orlando, FL,
2002.

Hills, R. G., and Leslie, 1., "Statistical Validation of Engineering and Scientific Models: Validation
Experiments to Application," Sandia National Laboratories, SAND2003-0706, Albuquerque, NM,
2003.

*'"Dowding, K. J., Hills, R. G., Leslie, 1., Pilch, M., Rutherford, B. M., and Hobbs, M. L., "Case Study for
Model Validation: Assessing a Model for Thermal Decomposition of Polyurethane Foam," Sandia
National Laboratories, SAND2004-3632, Albuquerque, NM, 2004.

*Rutherford, B. M., and Dowding, K. J., "An Approach to Model Validation and Model-Based
Prediction--Polyurethane Foam Case Study,” Sandia National Laboratories, SAND2003-2336,
Albuquerque, NM, 2003.

*Chen, W., Baghdasaryan, L., Buranathiti, T., and Cao, J., "Model Validation via Uncertainty
Propagation," 4144 Journal, Vol. 42, No. 7, 2004, pp. 1406-1415.

**Gelman, A. B., Carlin, J. S., Stern, H. S., and Rubin, D. B., Bayesian Data Analysis, Chapman & Hall,
London, 1995.

*Bernardo, J. M., and Smith, A. F. M., Bayesian Theory, John Wiley, New York, 1994.

*®Leonard, T., and Hsu, J. S. J., Bayesian Methods: An Analysis for Statisticians and Interdisciplinary
Researchers, Cambridge University Press, Cambridge, UK, 1999.

3’Hanson, K. M., "A Framework for Assessing Uncertainties in Simulation Predictions," Physica D, Vol.
133, 1999, pp. 179-188.

 Anderson, M. C., Hasselman, T. K., and Carne, T. G., "Model Correlation and Updating of a Nonlinear
Finite Element Model Using Crush Test Data," 3727, 17th International Modal Analysis Conference
(IMAC) on Modal Analysis, Kissimmee, FL, 1999.

39Kennedy, M. C., and O'Hagan, A., "Bayesian Calibration of Computer Models," Journal of the Royal
Statistical Society Series B-Statistical Methodology, Vol. 63, No. 3, 2001, pp. 425-450.

“Hasselman, T. K., Wathugala, G. W., and Crawford, J., "A Hierarchical Approach for Model Validation
and Uncertainty Quantification,” URL: http://weem.tuwien.ac.at, Fifth World Congress on
Computational Mechanics, Vienna, Austria, 2002.

41Bayarri, M. J., Berger, J. O., Higdon, D., Kennedy, M. C., Kottas, A., Paulo, R., Sacks, J., Cafeo, J. A.,
Cavendish, J., Lin, C. H., and Tu, J., "A Framework for Validation of Computer Models," Proceedings
of the Workshop on Foundations for Verification and Validation in the 21st Century, John Hopkins
University/Applied Physics Lab., 2002.

*Zhang, R., and Mahadevan, S., "Bayesian Methodology for Reliability Model Acceptance," Reliability
Engineering and System Safety, Vol. 80, No. 1, 2003, pp. 95-103.

“Russell, D. M., "Error Measures for Comparing Transient Data: Part I; Development of a
Comprehensive Error Measure," Proceedings of the 68th Shock and Vibration Symposium, Hunt
Valley, Maryland, 1997.

*Russell, D. M., "Error Measures for Comparing Transient Data: Part II; Error Measures Case Study,"
Proceedings of the 68th Shock and Vibration Symposium, Hunt Valley, Maryland, 1997.

47


http://wccm.tuwien.ac.at

BColeman, H. W., and Stern, F., "Uncertainties and CFD Code Validation," Journal of Fluids
Engineering, Vol. 119, 1997, pp. 795-803.

**Sprague, M. A., and Geers, T. L., "Response of Empty and Fluid-Filled, Submerged Spherical Shells to
Plane and Spherical, Step-Exponential Acoustic Waves," Shock and Vibration, Vol. 6, No. 3, 1999, pp.
147-157.

“'Stern, F., Wilson, R. V., Coleman, H. W., and Paterson, E. G., "Comprehensive Approach to
Verification and Validation of CFD Simulations-Part 1: Methodology and Procedures," Journal of
Fluids Engineering, Vol. 123, No. 4, 2001, pp. 793-802.

“Easterling, R. G., "Measuring the Predictive Capability of Computational Models: Principles and
Methods, Issues and Illustrations," Sandia National Laboratories, SAND2001-0243, Albuquerque, NM,
2001.

49Eas‘cerling, R. G., "Statistical Foundations for Model Validation: Two Papers," Sandia National
Laboratories, SAND2003-0287, Albuquerque, NM, 2003.

SORoache, P. J., "Discussion: Uncertainties and CFD Code Validation," Journal of Fluids Engineering,
Vol. 120, 1998, pp. 635-636.

*'Oberkampf, W. L., "Discussion: 'Comprehensive Approach to Verification and Validation of CFD
Simulations - Part 1; Methodology and Procedures' by F. Stern, et al.," Journal of Fluids Engineering,
Vol. 124, No. 3, 2002, pp. 809-810.

2Coleman, H. W., and Steele, W. G., Ir., Experimentation and Uncertainty Analysis for Engineers, 2nd
ed., John Wiley, New York, 1999.

>Taylor, I. R., An Introduction to Error Analysis: The Study of Uncertainties in Physical Measurements,
2nd ed., University Science Books, Sausalito, CA, 1997.

54Y0uden, W.J., "Enduring Values," Technometrics, Vol. 14, No. 1, 1972, pp. 1-11.

Winkler, R. L., An Introduction to Bayesian Inference and Decision, Holt, Rinehart, and Winston, New
York, 1972. .

*Haldar, A., and Mahadevan, S., Probability, Reliability, and Statistical Methods in Engineering Design,
John Wiley, New York, 2000.

"Hobbs, M. L., Erickson, K. L., and Chu, T. Y., "Modeling Decomposition of Unconfined Rigid
Polyurethane Foam," Sandia National Laboratories, SAND99-2758, Albuquerque, NM, 1999.

*Gartling, D. K., Hogan, R. E., and Glass, M. W., "Coyote - A Finite Element Computer Program for
Nonlinear Heat Conduction Problems, Part I - Theoretical Background,”" Sandia National Laboratories,
SAND94-1173, Albuquerque, NM, 1994,

*Pruett, C. D., Gatski, T. B., Grosch, C. E., and Thacker, W. D., "The Temporally Filtered Navier-Stokes
Equations: Properties of the Residual Stress,” Physics of Fluids, Vol. 15, No. 8, 2003, pp. 2127-2140.
®DesJardin, P. E.,, O'Hern, T. J., and Tieszen, S. R., "Large Eddy Simulation of Experimental
Measurements of the Near-Field of a Large Turbulent Helium Plume," Physics of Fluids, Vol. 16, No.

6,2004, pp. 1866-1883.

'Tjeszen, S. R., Domino, S. P., and Black, A. R., "Validation of a Simple Turbulence Model Suitable for
Closure of Temporally-Filtered Navier-Stokes Equations Using a Helium Plume,” Sandia National
Laboratories, to be published, Albuquerque, NM, 2005.

“Moen, C. D., Evans, G. H., Domino, S. P., and Burns, S. P., "A Multi-Mechanics Approach to
Computational Heat Transfer," IMECE-2002-33098, 2002 ASME International Mechanical
Engineering Congress and Exhibition, New Orleans, LA, 2002.

0O'Hern, T. J., Weckman, E. J., Gerhart, A. L., Tieszen, S. R., and Schefer, R. W., "Experimental Study
of a Turbulent Buoyant Helium Plume," Sandia National Laboratories, SAND-2004-0549],
Albuquerque, NM, 2004.

“Miller, R. G., Simultaneous Statistical Inference, 2nd ed., Springer-Verlag, New York, 1981.

65Draper, N. R., and Smith, H., Applied Regression Analysis, 3rd ed., John Wiley, New York, 1998.

56Seber, G. A. F., and Wild, C. I., Nonlinear Regression, John Wiley, New York, 2003.

"Barone, M. F., Oberkampf, W. L., and Blottner, F. G., "Validation of Compressibility Corrections for
Two-Equation Models of Turbulence," 4144 Journal, to be published, 2005.

68B0gdanoff, D. W., "Compressibility Effects in Turbulent Shear Layers," 4/44 Journal, Vol. 21, No. 6,
1983, pp. 926-927.

48



%Lele, S. K., "Compressibility Effects on Turbulence," Annual Review of Fluid Mechanics, edited by J. L.
Lumley and M. Van Dyke, Annual Reviews, Inc., Palo Alto, CA, 1994, pp. 211-254.

"Ikawa, H., and Kubota, T., "Investigation of Supersonic Turbulent Mixing Layer with Zero Pressure
Gradient," 4144 Journal, Vol. 13, No. 5, 1975, pp. 566-572.

71Papamoschou, D., and Roshko, A., "The Compressible Turbulent Shear Layer: An Experimental Study,"
Journal of Fluid Mechanics, Vol. 197, 1988, pp. 453-477.

Chinzei, N., Masuya, G., Komuro, T., Murakami, A., and Kudou, K., "Spreading of Two-Stream
Supersonic Turbulent Mixing Layers," Physics of Fluids, Vol. 29, No. 5, 1986, pp. 1345-1347.

"Samimy, M., and Elliott, G. S., "Effects of Compressibility on the Characteristics of Free Shear Layers,"
AIAA Journal, Vol. 28, No. 3, 1990, pp. 439-445.

"Elliot, G. S., and Samimy, M., "Compressibility Effects in Free Shear Layers," Physics of Fluids A, Vol.
2, No. 7, 1990, pp. 1231-1240.

Goebel, S. G., and Dutton, J. C., "Experimental Study of Compressible Turbulent Mixing Layers," 4144
Journal, Vol. 29, No. 4, 1991, pp. 538-546.

"®Dutton, J. C., Burr, R. F., Goebel, S. G., and Messersmith, N. L., "Compressibility and Mixing in
Turbulent Free Shear Layers," 12th Symposium on Turbulence, Rolla, MO, 1990.

""Gruber, M. R., Messersmith, N. L., and Dutton, J. C., "Three-Dimensional Velocity Field in a
Compressible Mixing Layer," A7T44 Journal, Vol. 31, No. 11, 1993, pp. 2061-2067.

78Debisschop, J. R., and Bonnet, J. P., "Mean and Fluctuating Velocity Measurements in Supersonic
Mixing Layers," Engineering Turbulence Modeling and Experiments 2: Proceedings of the Second
International Symposium on Engineering Turbulence Modeling and Measurement, edited by W. Rodi
and F. Martelli, Elsevier, New York, 1993.

79Debisschop, J. R., Chambers, O., and Bonnet, J. P., "Velocity-Field Characteristics in Supersonic
Mixing Layers," Experimental Thermal and Fluid Science, Vol. 9, No. 2, 1994, pp. 147-155.

%Barre, S., Braud, P., Chambres, O., and Bonnet, J. P., "Influence of Inlet Pressure Conditions on
Supersonic Turbulent Mixing Layers," Experimental Thermal and Fluid Science, Vol. 14, No. 1, 1997,
pp. 68-74.

'wilcox, D. C., Turbulence Modeling for CFD, 2nd ed., DCW Industries, 2002.

82Nagano, Y., and Hishida, M., "Improved Form of the k-epsilon Model for Wall Turbulent Shear Flows,"
Journal of Fluids Engineering, Vol. 109, No. 2, 1987, pp. 156-160.

$Zeman, O., "Dilatation Dissipation: The Concept and Application in Modeling Compressible Mixing
Layers," Physics of Fluids A, Vol. 2, No. 2, 1990, pp. 178-188.

¥Wong, C. C., Blottner, F. G., Payne, J. L., and Soetrisno, M., "Implementation of a Parallel Algorithm
for Thermo-Chemical Nonequilibrium Flow Solutions," 95-0152, AI4A 33rd Aerospace Sciences
Meeting, Reno, NV, 1995,

®Wong, C. C., Soetrisno, M., Blottner, F. G., Imlay, S. T., and Payne, J. L., "PINCA: A Scalable Parallel
Program for Compressible Gas Dynamics with Nonequilibrium Chemistry," Sandia National
Laboratories, SAND94-2436, Albuquerque, NM, 1995,

Yee, H. C., "Implicit and Symmetric Shock Capturing Schemes,” NASA, NASA-TM-89464, 1987.

87Yoon, S., and Jameson, A., "An LU-SSOR Scheme for the Euler and Navier-Stokes Equations,"
ATAA87-0600, 25th AIAA Aerospace Sciences Meeting, Reno, NV, 1987.

¥Paciorri, R., and Sabetta, F., "Compressibility Correction for the Spalart-Allmaras Model in Free-Shear
Flows," Journal of Spacecraft and Rockets, Vol. 40, No. 3, 2003, pp. 326-331.

¥MathWorks, Matlab, The MathWorks, Inc., Natick, MA.

49



External Distribution

M. A. Adams

Jet Propulsion Laboratory
4800 Oak Grove Drive, MS 97
Pasadena, CA 91109

M. Aivazis

Center for Advanced Computing
Research

California Institute of Technology

1200 E. California Blvd./MS 158-79

Pasadena, CA 91125

Charles E. Anderson
Southwest Research Institute
P. O. Drawer 28510

San Antonio, TX 78284-0510

Bilal Ayyub (2)

Department of Civil Engineering
University of Maryland

College Park, MD 20742-3021

Ivo Babuska

TICAM

Mail Code C0200

University of Texas at Austin
Austin, TX 78712-1085

S. Balachandar

Theoretical and Applied Mechanics Dept.
216 Talbot Laboratory, MC 262

104 S. Wright St.

University of Illinois

Urbana, IL 61801

Osman Balci

Department of Computer Science
Virginia Tech

Blacksburg, VA 24061

J. Michael Barton
HQ Army Developmental Test Command
Technology Management Div., Rm 245

314 Longs Corner Road

Aberdeen Proving Ground, MD 21005-5005

Steven Batill (2)

Dept. of Aerospace & Mechanical Engr.
University of Notre Dame

Notre Dame, IN 46556

Ted Belytschko (2)

Department of Mechanical Engineering
Northwestern University

2145 Sheridan Road

Evanston, IL. 60208

John Benek

AFRL/VAAC

2210 Eighth St.

Wright-Patterson AFB, OH 45433

James Berger

Inst. of Statistics and Decision Science
Duke University

Box 90251

Durham, NC 27708-0251

Jay Boris (2)

Laboratory for Computational Physics
and Fluid Dynamics

Naval Research Laboratory

Code 6400

4555 Overlook Ave, SW

Washington, DC 20375-5344

Pavel A. Bouzinov
ADINA R&D, Inc.

71 Elton Avenue
Watertown, MA 02472

Mark Brandyberry

Computational Science and Engineering
2264 Digital Computer Lab, MC-278
1304 West Springfield Ave.

University of Illinois

Urbana, IL 61801



John A. Cafeo

General Motors R&D Center
Mail Code 480-106-256
30500 Mound Road

Box 9055

Warren, MI 48090-9055

Andrew Cary

The Boeing Company

MC S106-7126

P.O. Box 516

St. Louis, MO 63166-0516

James C. Cavendish

General Motors R&D Center
Mail Code 480-106-359
30500 Mound Road

Box 9055

Warren, MI 48090-9055

Chun-Hung Chen (2)

Department of Systems Engineering &
Operations Research

George Mason University

4400 University Drive, MS 4A6

Fairfax, VA 22030

Wei Chen (2)

Department of Mechanical Engineering
Northwestern University

2145 Sheridan Road, Tech B224
Evanston, IL 60208-3111

Kyeongjae Cho (2)

Dept. of Mechanical Engineering
MC 4040

Stanford University

Stanford, CA 94305-4040

Hugh Coleman

Department of Mechanical &
Aero. Engineering

University of Alabama/Huntsville

Huntsville, AL 35899

-51 -

Raymond Cosner (2)
Boeing-Phantom Works
MC S106-7126

P. O. Box 516

St. Louis, MO 63166-0516

Thomas A. Cruse

AFRL Chief Technologist
1981 Monahan Way
Bldg. 12, Room 107
Wright-Patterson AFB, OH 45433-7132

Department of Energy (5)

Attn: Kevin Greenaugh, NA-115
D. Kusnezov, NA-114
Jamileh Soudah, NA-114
K. Sturgess, NA-115
J. Van Fleet, NA-113

Forrestal Building

1000 Independence Ave., SW

Washington, DC 20585

Prof. Urmila Diwekar (2)
University of Illinois at Chicago
Chemical Engineering Dept.
810 S. Clinton St.

209 CHB, M/C 110

Chicago, IL 60607

David Dolling
Department of Aerospace Engineering
& Engineering Mechanics

University of Texas at Austin
Austin, TX 78712-1085

Isaac Elishakoff

Dept. of Mechanical Engineering
Florida Atlantic University

777 Glades Road

Boca Raton, FL. 33431-0991

Ashley Emery

Dept. of Mechanical Engineering
Box 352600

University of Washingtion



Seattle, WA 98195-2600

Scott Ferson

Applied Biomathematics

100 North Country Road
Setauket, New York 11733-1345

Joseph E. Flaherty (2)
Dept. of Computer Science

Rensselaer Polytechnic Institute
Troy, NY 12181

John Fortna

ANSYS, Inc.

275 Technology Drive
Canonsburg, PA 15317

Marc Garbey

Dept. of Computer Science
Univ. of Houston

501 Philipp G. Hoffman Hall
Houston, Texas 77204-3010

Roger Ghanem

254C Kaprielian Hall

Dept. of Civil Engineering

3620 S. Vermont Ave.

University of Southern California
Los Angles, CA 90089-2531

Mike Giltrud

Defense Threat Reduction Agency
DTRA/CPWS

6801 Telegraph Road

Alexandria, VA 22310-3398

James Glimm (2)

Dept. of Applied Math & Statistics
P138A

State University of New York
Stony Brook, NY 11794-3600

James Gran
SRI International
Poulter Laboratory AH253

-52-

333 Ravenswood Avenue
Menlo Park, CA 94025

Ramana Grandhi (2)

Dept. of Mechanical and Materials
Engineering

3640 Colonel Glenn Hwy.
Dayton, OH 45435-0001

Bernard Grossman (2)

The National Institute of Aerospace
144 Research Drive

Hampton, VA 23666

Sami Habchi

CFD Research Corp.
Cummings Research Park
215 Wynn Drive
Huntsville, AL 35805

Raphael Haftka (2)

Dept. of Aerospace and Mechanical
Engineering and Engr. Science

P. O. Box 116250

University of Florida

Gainesville, FL. 32611-6250

Achintya Haldar (2)
Dept. of Civil Engineering
& Engineering Mechanics

University of Arizona
Tucson, AZ 85721

Tim Hasselman

ACTA

2790 Skypark Dr., Suite 310
Torrance, CA 90505-5345

George Hazelrigg

Division of Design, Manufacturing
& Innovation

Room 508N

4201 Wilson Blvd.

Arlington, VA 22230



David Higdon

Inst. of Statistics and Decision Science
Duke University

Box 90251

Durham, NC 27708-0251

Richard Hills (2)

Mechanical Engineering Dept.
New Mexico State University
P. O. Box 30001/Dept. 3450
Las Cruces, NM 88003-8001

F. Owen Hoffman (2)
SENES

102 Donner Drive
Oak Ridge, TN 37830

Luc Huyse

Southwest Research Institute
6220 Culebra Road

P. O. Drawer 28510

San Antonio, TX 78284-0510

George Ivy

Northrop Grumman Information
Technology

222 West Sixth St.

P.O. Box 471

San Pedro, CA 90733-0471

Rima Izem

Sience and Technology Policy Intern
Board of Mathematical Sciences and
Applications

500 5th Street, NW

Washington, DC 20001

Ralph Jones (2)

Sverdrup Tech. Inc./AEDC Group
1099 Avenue C

Arnold AFB, TN 37389-9013

Leo Kadanoff (2)
Research Institutes Building
University of Chicago

-53-

5640 South Ellis Ave.
Chicago, IL. 60637

George Karniadakis (2)

Division of Applied Mathematics
Brown University

192 George St., Box F
Providence, RI 02912

Alan Karr

Inst. of Statistics and Decision Science
Duke University

Box 90251

Durham, NC 27708-0251

J. J. Keremes

Boeing Company

Rocketdyne Propulsion & Power
MS AC-15

P. O. Box 7922

6633 Canoga Avenue

Canoga Park, CA 91309-7922

K. D. Kimsey

U.S. Army Research Laboratory

Weapons & Materials Research
Directorate

AMSRL-WM-TC 309 120A

Aberdeen Proving Gd, MD 21005-5066

B. A. Kovac

Boeing - Rocketdyne Propulsion & Power
MS AC-15

P. O. Box 7922

6633 Canoga Avenue

Canoga Park, CA 91309-7922

Chris Layne

AEDC

Mail Stop 6200

760 Fourth Street

Arnold AFB, TN 37389-6200

W. K. Liu (2)
Northwestern University



Dept. of Mechanical Engineering
2145 Sheridan Road
Evanston, IL 60108-3111

Robert Lust

General Motors, R&D and Planning
MC 480-106-256

30500 Mound Road

Warren, MI 48090-9055

Sankaran Mahadevan (2)
Dept. of Civil &
Environmental Engineering
Vanderbilt University
Box 6077, Station B
Nashville, TN 37235

Hans Mair

Institute for Defense Analysis
Operational Evaluation Division
4850 Mark Center Drive
Alexandria VA 22311-1882

W. McDonald

NDM Solutions

1420 Aldenham Lane
Reston, VA 20190-3901

Gregory McRae (2)

Dept. of Chemical Engineering
Massachusetts Institute of Technology
Cambridge, MA 02139

Michael Mendenhall (2)

Nielsen Engineering & Research, Inc.
605 Ellis St., Suite 200

Mountain View, CA 94043

Juan Meza

High Performance Computing Research
Lawrence Berkeley National Laboratory
One Cyclotron Road, MS: 50B-2239
Berkeley, CA 94720

John G. Michopoulos

-54 -

Naval Research Laboratory,

Special Projects Group, Code 6303
Computational Mutliphysics Systems Lab
Washington DC 20375, USA

Sue Minkoff

Dept. of Mathematics and Statistics
University of Maryland

1000 Hilltop Circle

Baltimore, MD 21250

Max Morris (2)
Department of Statistics
Towa State University
304A Snedecor-Hall
Ames, IW 50011-1210

Rafi Muhanna

Regional Engineering Program
Georgia Tech

210 Technology Circle
Savannah, GA 31407-3039

R. Namburu

U.S. Army Research Laboratory
AMSRL-CI-H

Aberdeen Proving Gd, MD 21005-5067

NASA/Ames Research Center (2)

Attn: Unmeel Mehta, MS 229-3
David Thompson, MS 269-1

Moffett Field, CA 94035-1000

NASA/Glen Research Center (2)
Attn: John Slater, MS 86-7
Chris Steffen, MS 5-11
21000 Brookpark Road
Cleveland, OH 44135

NASA/Langley Research Center (8)
Attn: Dick DelLoach, MS 236
Michael Hemsch, MS 499
Tianshu Liu, MS 238
Jim Luckring, MS 286
Joe Morrison, MS 128



Ahmed Noor, MS 369

Sharon Padula, MS 159

Thomas Zang, MS 449
Hampton, VA 23681-0001

C. Needham

Applied Research Associates, Inc.
4300 San Mateo Blvd., Suite A-220
Albuquerque, NM 87110

Robert Nelson

Dept. of Aerospace & Mechanical Engr.

University of Notre Dame
Notre Dame, IN 46556

Efstratios Nikolaidis (2)
MIME Dept.

4035 Nitschke Hall
University of Toledo
Toledo, OH 43606-3390

D. L. O’Connor

Boeing Company

Rocketdyne Propulsion & Power
MS AC-15

P. O. Box 7922

6633 Canoga Avenue

Canoga Park, CA 91309-7922

Tinsley Oden (2)

TICAM

Mail Code C0200

University of Texas at Austin
Austin, TX 78712-1085

Michael Ortiz (2)

Graduate Aeronautical Laboratories
California Institute of Technology
1200 E. California Blvd./MS 105-50
Pasadena, CA 91125

Dale K. Pace
4206 Southfield Rd
Ellicott City, MD 21042-5906

-55-

Alex Pang

Computer Science Department
University of California

Santa Cruz, CA 95064

Chris Paredis

School of Mechanical Engineering
Georgia Institute of Technology
813 Ferst Drive, MARC Rm. 256
Atlanta, GA 30332-0405

Chris L. Pettit

Aerospace Engineering Dept.
MS-11B

590 Holloway Rd.
Annapolis, MD 21402

Allan Pitko
2 George Court
Melville, NY 11747

Joseph Powers

Dept. of Aerospace and Mechanical Engr.
University of Notre Dame

Notre Dame, IN 46556-5637

Cary Presser (2)

Process Measurements Div.
National Institute of Standards
and Technology

Bldg. 221, Room B312
Gaithersburg, MD 20899

Gerald R. Prichard
Principal Systems Analyst
Dynetics, Inc.

1000 Explorer Blvd.
Huntsville, AL 35806

Thomas A. Pucik

Pucik Consulting Services
13243 Warren Avenue

Los Angles, CA 90066-1750

P. Radovitzky



Graduate Aeronautical Laboratories
California Institute of Technology
1200 E. California Blvd./MS 105-50
Pasadena, CA 91125

W. Rafaniello

DOW Chemical Company
1776 Building

Midland, MI 48674

Chris Rahaim
Rotordynamics-Seal Research
3302 Swetzer Road

Loomis, CA 95650

J. N. Reddy

Dept. of Mechanical Engineering
Texas A&M University

ENPH Building, Room 210
College Station, TX 77843-3123

John Renaud (2)

Dept. of Aerospace & Mechanical Engr.
University of Notre Dame

Notre Dame, IN 46556

Grant Reinman

Pratt & Whitney

400 Main Street, M/S 162-01
East Hartford, CT 06108

Patrick J. Roache
1215 Apache Drive
Socorro, NM 87801

A. J. Rosakis

Graduate Aeronautical Laboratories
California Institute of Technology
1200 E. California Blvd./MS 105-50
Pasadena, CA 91125

Tim Ross (2)

Dept. of Civil Engineering
University of New Mexico
Albuquerque, NM 87131

-56 -

Chris Roy (2)

Dept. of Aerospace Engineering
211 Aerospace Engineering Bldg.
Auburn University, AL 36849-5338

J. Sacks

Inst. of Statistics and Decision Science
Duke University

Box 90251

Durham, NC 27708-0251

Sunil Saigal (2)
Carnegie Mellon University
Department of Civil and

Environmental Engineering
Pittsburgh, PA 15213

Larry Sanders

DTRA/ASC

8725 John J. Kingman Rd
MS 6201

Ft. Belvoir, VA 22060-6201

Len Schwer

Schwer Engineering & Consulting
6122 Aaron Court

Windsor, CA 95492

Paul Senseny

Factory Mutual Research Corporation
1151 Boston-Providence Turnpike
P.O. Box 9102

Norwood, MA 02062

E. Sevin

Logicon RDA, Inc.
1782 Kenton Circle
Lyndhurst, OH 44124

Mark Shephard (2)

Rensselaer Polytechnic Institute
Scientific Computation Research Center
Troy, NY 12180-3950



Tom I-P. Shih

Dept. of Mechanical Engineering
2452 Engineering Building

East Lansing, MI 48824-1226

T. P. Shivananda

Bldg. SB2/Rm. 1011
TRW/Ballistic Missiles Division
P. O. Box 1310

San Bernardino, CA 92402-1310

Don Simons

Northrop Grumman Information Tech.
222 W. Sixth St.

P.O. Box 471

San Pedro, CA 90733-0471

Munir M. Sindir

Boeing - Rocketdyne Propulsion & Power
MS GB-11

P. O. Box 7922

6633 Canoga Avenue

Canoga Park, CA 91309-7922

Ashok Singhal (2)

CFD Research Corp.
Cummings Research Park
215 Wynn Drive
Huntsville, AL, 35805

R. Singleton

Engineering Sciences Directorate

Army Research Office

4300 S. Miami Blvd.

P.O. Box 1221

Research Triangle Park, NC 27709-2211

W. E. Snowden

DARPA

7120 Laketree Drive
Fairfax Station, VA 22039

Bill Spencer (2)
Dept. of Civil Engineering
and Geological Sciences

-57-

University of Notre Dame
Notre Dame, IN 46556-0767

G. R. Srinivasan

Org. L2-70, Bldg. 157

Lockheed Martin Space & Strategic Missiles
1111 Lockheed Martin Way

Sunnyvale, CA 94089

Fred Stern

Professor Mechanical Engineering
Iowa Institute of Hydraulic Research
The University of Iowa

Iowa City lowa 52242

D. E. Stevenson (2)

Computer Science Department
Clemson University

442 Edwards Hall, Box 341906
Clemson, SC 29631-1906

Tim Swafford

Sverdrup Tech. Inc./AEDC Group
1099 Avenue C

Arnold AFB, TN 37389-9013

Kenneth Tatum

Sverdrup Tech. Inc./AEDC Group
740 Fourth Ave.

Arnold AFB, TN 37389-6001

Ben Thacker

Southwest Research Institute
6220 Culebra Road

P. O. Drawer 28510

San Antonio, TX 78284-0510

Fulvio Tonon (2)

Geology and Geophysics Dept.
East Room 719

University of Utah

135 South 1460

Salt Lake City, UT 84112

Robert W. Walters (2)



Aerospace and Ocean Engineering
Virginia Tech

215 Randolph Hall, MS 203
Blacksburg, VA 24061-0203

Leonard Wesley
Intellex Inc.

5932 Killarney Circle
San Jose, CA 95138

Justin Y-T Wu
8540 Colonnade Center Drive, Ste 301
Raleigh, NC 27615

Ren-Jye Yang

Ford Research Laboratory
MD2115-SRL

P.O.Box 2053

Dearborn, MI 4812

Simone Youngblood (2)
DOD/DMSO

Technical Director for VV&A
1901 N. Beauregard St., Suite 504
Alexandria, VA 22311

M. A. Zikry

North Carolina State University
Mechanical & Aerospace Engineering
2412 Broughton Hall, Box 7910
Raleigh, NC 27695

-58 -



Foreign Distribution

Yakov Ben-Haim (2)

Department of Mechanical Engineering
Technion-Israel Institute of Technology
Haifa 32000

ISRAEL

Graham de Vahl Davis
CFD Research Laboratory
University of NSW
Sydney, NSW 2052
AUSTRALIA

Luis Eca (2)

Instituto Superior Tecnico

Department of Mechanical Engineering
Av. Rovisco Pais

1096 Lisboa CODEX

PORTUGAL

Charles Hirsch (2)

Department of Fluid Mechanics
Vrije Universiteit Brussel
Pleinlaan, 2

B-1050 Brussels

BELGIUM

D. Moens

K. U. Leuven

Dept. of Mechanical Engineering, Div. PMA
Kasteelpark Arenberg 41

B - 3001 Heverlee

BELGIUM

Nina Nikolova - Jeliazkova
Institute of Parallel Processing
Bulgarian Academy of Sciences
25a "acad. G. Bonchev" str.
Sofia 1113

BULGARIA

K. Papoulia
Inst. Eng. Seismology & Earthquake
Engineering

-59 -

P.O. Box 53, Finikas GR-55105
Thessaloniki
GREECE

Dominique Pelletier

Genie Mecanique

Ecole Polytechnique de Montreal
C.P. 6079, Succursale Centre-ville
Montreal, H3C 3A7

CANADA

Vincent Sacksteder
Via Eurialo 28, Int. 13
00181 Rome

ITALY

D. Thunnissen

School of Mech. And Aerospace
Engineering

Nanyang Technical University
50 Mamuamg Ave.
SINGAPORE 639798

Malcolm Wallace
Computational Dynamics Ltd.
200 Shepherds Bush Road
London W6 TNY

UNITED KINGDOM



Department of Energy Laboratories

Los Alamos National Laboratory (49)
Mail Station 5000
P.O. Box 1663
Los Alamos, NM 87545
Attn: Peter Adams, MS B220
Mark C. Anderson, MS T080
Cuauhtemoc Aviles-Ramos,
MS P946
Terrence Bott, MS K557
Jerry S. Brock, MS F663
D. Cagliostro, MS F645
C. Chiu, MS F600
David L. Crane, MS P946
John F. Davis, MS B295
Helen S. Deaven, MS B295
Barbara DeVolder, MS B259
Scott Doebling, MS T080
Sunil Donald, MS K557
S. Eisenhawer, MS K557
Dawn Flicker, MS F664
George T. Gray, MS G755
Alexandra Heath, MS F663
Francois Hemez, MS F699
R. Henninger, MS D413
Kathleen Holian, MS B295
Darryl Holm, MS B284
James Hyman, MS B284
Cliff Joslyn, MS B265
James Kamm, MS D413
Joseph Kindel, MS B259
Ken Koch, MS F652
Douglas Kothe, MS B250
Jeanette Lagrange, MS D445
Jonathan Lucero, MS C926
Len Margolin, MS D413
Kelly McLenithan, MS F664
Mark P. Miller, MS P946
John D. Morrison, MS F602
Karen 1. Pao, MS B256
James Peery, MS F652
M. Peterson-Schnell, MS B295
Douglas Post, MS F661 X-DO
William Rider, MS D413

-60 -

Tom Seed, MS F663

Kar1 Sentz, MS F600
David Sharp, MS B213
Richard N. Silver, MS D429
Ronald E. Smith, MS J576
Christine Treml, MS J570
David Tubbs, MS B220
Daniel Weeks, MS B295
Morgan White, MS F663
Alyson G. Wilson, MS F600

Lawrence Livermore National Laboratory

(23)

7000 East Ave.
P.O. Box 808
Livermore, CA 94550

Attn: Thomas F. Adams, MS L-095

Steven Ashby, MS L-561
John Bolstad, MS L-023
Peter N. Brown, MS L-561
T. Scott Carman, MS L-031
R. Christensen, MS L-160
Evi Dube, MS L-095
Henry Hsieh, MS L-229
Richard Klein, MS L-023
Roger Logan, MS L-125

C. F. McMillan, MS L-098
C. Mailhiot, MS L-055

J. F. McEnerney, MS L-023
M. J. Murphy, MS L-282
Daniel Nikkel, MS 1L-342
Cynthia Nitta, MS L-096
Peter Raboin, MS L-125
Edward Russell, MS L-631
Kambiz Salari, MS L-228
David D. Sam, MS L-125
Peter Terrill, MS L-125
Charles Tong, MS L-560
Carol Woodward, MS L-561



Argonne National Laboratory
Attn: Paul Hovland
Mike Minkoff
MCS Division
Bldg. 221, Rm. C-236
9700 S. Cass Ave.
Argonne, IL 60439

-61 -



Sandia Internal Distribution

MS 0104
MS 1152
MS 1186
MS 0525
MS 0525
MS 0525
MS 0886
MS 0437
MS 0447
MS 0427
MS 0487
MS 0453
MS 0479
MS 0509
MS 0529
MS 0512
MS 0437
MS 0437
MS 0769
MS 0768
MS 0757
MS 0757
MS 0831
MS 0670
MS 1393
MS 0751
MS 0735
MS 0751
MS 0751
MS 0708
MS 1138
MS 1138
MS 1138
MS 1138
MS 1137
MS 0615
MS 1169
MS 1179
MS 1146
MS 1395
MS 1395
MS 0778
MS 0778

ki pmmd e e i e ek bk ek ek ek b e ik e e e e b e b ek b e bl b bt bt b b bk bl el el e e el et ek ek e

1200
1652
1674
1734
1734
1734
1812
2100
2111
2118
2124
2130
2138
2300
2345
2500
2820
2830
4100
4140
4142
4142
5500
5526
6002
6111
6115
6117
6117
6214
6221
6221
6222
6223
6223
6252
6700
6741
6784
6820
6821
6851
6851

T. C. Bickel
. L. Kiefer
Lawrence
Plunkett
th

R
. V.
. B.
.D.
.E.
.C.
.D.
A
A

. A. Rosenthal
. O. Harrison
. W. Callahan
. K. Froehlich
. E. Blejwas
. D. Mecks
. M. McGlaun
. S. Miyoshi
. L. Camp
. D. Waters
. D. Wyss
. O. Vahle
. Weatherby
. Abeyta
. Costin
. Ja

. Chavez

WWszrHHohwwmw>wwrm~zow>o~weog~zwwwwmmwwwz

£Z %~
oW
=
=

-62-

U G G VAV VA U G GG UUU T VUGG o VA o G o R G O G Wy

e S S N o N N Gy

MS 0776
MS 0776
MS 0776
MS 1399
MS 0748
MS 0742
MS 1379
MS 9153
MS 9202
MS 9014
MS 0630
MS 9409
MS 9042
MS 9042
MS 9042
MS 9405
MS 9042
MS 9409
MS 9003
MS 9151
MS 9159
MS 9159
MS 9159
Canales

MS 0825
MS 0826
MS 0825
MS 0834
MS 0834
MS 1310
MS 0834
MS 0834
MS 0834
MS 0825
MS 0825
MS 0825
MS 0825
MS 0825
MS 0825
MS 0836
MS 0836
MS 0836
MS 0836
MS 0836
MS 0847

6852
6852
6853
6853
6861
6870
6957
8200
8205
8242
8600
8754
8763
8763
8763
8763
8774
8775
8900
8900
8962
8962
8962

9100
9100
9110
9112
9112
9113
9114
9114
9114
9115
9115
9115
9115
9115
9115
9116
9116
9116
9117
9117
9120

T. Hadgu

J. S. Stein

R. P. Rechard
P. Vaughn

S. P. Burns
D. A. Powers
A. Johnson

. Ortega
. Washington
. Kawahara

oy
9.
= 4
[¢]

SETIoOIEIEmER R
= I
S 8
w 5
=)
@]
o

=23

. W. Peterson
. K. Gartling
. Hermina
ohannes
eresh

o0
umg
W~

. G. Blottner
. W. Kuntz
. L. Payne

. P. Wolfe
. S. Hertel
. Dobranich
. E. Hogan
. O. Griffith
. J. Buss
. J. Wilson

—oTEEEERaG:

wwzwcmg



[\ R N e e e e i e T e T e T e B e e e
o

O T e T s T S S R e

MS 0555
MS 0893
MS 0847
MS 0557
MS 0847
MS 0557
MS 0553
MS 0557
MS 0557
MS 0372
MS 0372
MS 0372
MS 0372
MS 0824
MS 1135
MS 1135
MS 0836
MS 1135
MS 0828
MS 0828
MS 0828
MS 0828
MS 0779
MS 0828
MS 0557
MS 0828
MS 0828
MS 0828
MS 0828
MS 0847
MS 1135
MS 0847
MS 0384
MS 0380
MS 0380
MS 0380
MS 0380
MS 0380
MS 0382
MS 0382
MS 0382
MS 0382
MS 0382
MS 0321
MS 0318

9122
9123
9124
9124
9124
9124
9124
9125
9125
9126
9126
9126
9127
9130
9132
9132
9132
9132
9133
9133
9133
9133
9133
9133
9133
9133
9133
9133
9133
9133
9134
9134
9140
9142
9142
9142
9142
9142
9143
9143
9143
9143
9143
9200
9200

. S. Garrett
. Pott

. M. Redmond

. G. Carne

. V. Field

. Simmermacher
.O.

Smallwood

UHWHHHg

. J. Baca

. C. O’Gorman
. A. May

. D. Hinnerichs
. E. Metzinger

S

g
M) ag
=
s::

. Gritzo
. Nakos
Romero
Tieszen

A <

Dowding
Giunta
. C. Helton
. Oberkampf
. Paez
. Red-Horse
. Romero
. Sherman
rbina
. Witkowski
effelfinger
. Attaway
. Morgan
. Alvin
L Blanford
. W. Heinstein
. W. Key
.M.

.R.
. Pi
. R. Black
L
LA

“>W>ZWOHFHHWHWOH

uFU[—'l_‘

“QUZERIVrErpZ< g
mmgqum

.M.

. D.

. C. Edwards
. D. Sjaardema
R

. S.

mgomwm

Davidson

-63-

ek e pmd ek e e

g e T e T e N N R T e i e e e B

MS 1110
MS 0370
MS 0370
MS 0370
MS 0370
MS 0370
MS 0370
MS 0370

MS 1111
MS 0310
MS 1110
MS 1110
MS 1110
MS 1110
MS 1110
MS 1111
MS 1110
MS 1110
MS 1110
MS 1110
MS 0318
MS 0817
MS 0316
MS 1110
MS 0817
MS 0376
MS 0822
MS 0822
MS 0378
MS 0378
MS 0378
MS 0378
MS 0378
MS 0378
MS 0370
MS 0378
MS 0378
MS 0316
MS 0316
MS 1111
MS 0378
MS 1110
MS 1110
MS 0316

9210
9211
9211
9211
9211
9211
9211
9211

9211
9212
9212
9214
9214
9214
9215
9215
9215
9215
9215
9215
9216
9220
9220
9223
9224
9226
9227
9227
9230
9231
9231
9231
9231
9231
9231
9231
9233
9233
9233
9233
9235
9235
9235
9237

T. G. Trucano

B. G. van Bloemen
Waanders

P. Knupp

M. D. Rintoul

. Plimpton

. Collis
elaurentis

. Lehoucq

. Rountree
Hendrlckson

Um'—-*

H
Leung

. Phillips
E Nelson
. Doerfler

>“‘m@>7§'w

PIODHSZODSNSERRNEsnY

““1WU>U

M cKinnon
. Summers
. Drake

. Robinson

. Wong

. Kipp
. Silling

oth

. Gardner
. Hutchinson
. Salinger

. Taylor
. Aidun
Hjalmarson
hadid

i Ealc iR R ol
wa>o>w<>mwowg

2]



O Gy U U S U G g T T T T e R O S e

[\

MS 0140
MS 0139
MS 0139
MS 0428
MS 0428
MS 0830
MS 0829
MS 0829
MS 0829
MS 0829
MS 0428
MS 0638
MS 0638
MS 0405
MS 1030
MS 0958
MS 1002
MS 1005
MS 1176
MS 1176
MS 1176
MS 1153
MS 1162
MS 1158
MS 9018

MS 0899

9300

9902

9904

12300
12330
12335
12337
12337
12337
12337
12340
12341
12341
12346
12870
14132
15230
15240
15242
15242
15243
15331
15422
15424

R. W. Leland
P. Yarrington
R. K. Thomas
D. D. Carlson
T. R. Jones

K. V. Diegert
W. C. Moffatt
J. M. Sjulin

. M. Rutherford
. Spencer
. Johnson

eermann
. Skocypec
nderson

D>m

R. M. Cranwell
L. C. Sanchez
W. H. Rutledge
K. V. Chavez

8945-1 Central Technical

9616

Files
Technical Library

-64 -



	Measures of Agreement Between Computation and Experiment: Validation Metrics

	Abstract
	Acknowledgements
	Contents
	Figures
	Table
	Nomenclature
	1 Introduction
	2 Review of the Literature
	2.1 Review of the Terminology and Processes
	2.2 Review of Approaches

	3 Construction of Validation Metrics
	3.1 Recommended Features of Validation Metrics
	3.2 Perspectives of the Present Approach

	4 Validation Metric for One Condition
	4.1 Development of the Equations
	4.2 Example: Thermal Decomposition of Foam

	5 Validation Metric Using Interpolation
	5.1 Development of the Equations
	5.2 Global Metrics
	5.3 Example: Turbulent Buoyant Plume

	6 Validation Metric Requiring Regression
	6.1 Development of the Equations
	6.2 Solution of the Equations
	6.3 Example: Compressible Free-Shear Layer

	7 Conclusions and Future Work
	References
	External Distribution
	Foreign Distribution
	Department of Energy Laboratories
	Sandia Internal Distribution



